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COMPLEXITY OF SHADOWS & TRAVERSING FLOWS IN TERMS
OF THE SIMPLICIAL VOLUME
GABRIEL KATZ
Abstract. We combine Gromov’s amenable localization technique with the Poincare´
duality to study the traversally generic vector flows on smooth compact manifolds X with
boundary. Such flows generate well-understood stratifications of X by the trajectories
that are tangent to the boundary in a particular canonical fashion. Specifically, we get
lower estimates of the numbers of connected components of these flow-generated strata
of any given codimension. These universal bounds are basically expressed in terms of the
normed homology of the fundamental groups pi1(X) and pi1(DX), where DX denotes the
double of X. The norm here is the Gromov simplicial semi-norm in homology. It turns
out that some close relatives of the normed homology spaces Hk+1(DX;R), Hk(X;R)
form obstructions to the existence of k-convex traversally generic vector flows on X.
1. Introduction
This paper is a direct extension of [AK]. As the latter article, it draws its inspiration
from the paper of Gromov [Gr1] where, among other things, the machinery of amenable
localization has been developed. Here we combine the amenable localization with the
Poincare´ duality to study the traversally generic vector flows (see [K2] or Section 2 for the
definition) on smooth compact manifolds X with boundary.
An example of a traversally generic field v on a surface X is shown in Fig. 1 (the field v
is vertical). The trajectory space T (v) of the v-flow is a graph whose verticies are trivalent
or univalent. So the local topology of T (v) is quite rigid; moreover, it is universal for all
traversally generic fields on surfaces. The fibers of the obvious map Γ : X → T (v) are closed
segments or singletons, hence Γ is a homotopy equivalence. Note that the trivalent verticies
of T (v) correspond the the v-trajectories γ that first pierce the boundary ∂X transversally,
then tangentially touch it, then pierce it again traversally. We use the pattern (121) to
encode this behavior of γ. The majority of γ’s intersect ∂X at two points where γ is
transversal to ∂X; we use the pattern (11) to mark such γ’s. Finally, there are points-
trajectories that correspond to the univalent verticies of T (v); they are marked with the
combinatorial pattern (2). The traversally generic fields on surfaces do not admit other
combinatorial patterns of tangency (say, like (31) or (1221)).
Similarly, for a smooth traversally generic vector field v on a compact (n + 1)-manifold
X with boundary, the trajectory space T (v) acquires a stratification {T (v, ω)}ω by the
combinatorial patterns of tangency ω that belong to a universal poset Ω•′〈n] (see [K2] and
Section 2). It depends only on dim(X).
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Figure 1. Traversally generic “vertical” field v on the surface X, its strat-
ified trajectory space T (v), and the obvious map Γ : X → T (v)
The more numerous the connected components of these stratifications are, the more
complex the v-flow is (thus the word “complexity” in the title of the paper). So our goal
here is to find some lower bounds of the numbers such components.
The Ω•′〈n]-stratification of T (v) generates the stratification {X(v, ω) =def Γ
−1(T (v, ω))}ω
of X and the stratification {∂X(v, ω) =def X(v, ω)∩∂X}ω of ∂X. The X-stratification can
be refined by considering the connected components of the sets {∂X(v, ω), X◦(v, ω)}ω}ω,
where X◦(v, ω) =def X(v, ω) \ ∂X(v, ω). In Fig. 1, the 0-dimensional strata of this strati-
fication are the bold (light and dark) dots, the 1-dimensional strata are the segments that
connect the dots (some of them are portions of trajectories, some are arcs that belong to
the boundary ∂X), and the 2-dimensional strata are open cells in which the 1-dimensional
strata divide the surface X.
We consider an auxiliary closed manifold, the double DX =def X ∪∂X X of X. The
double comes equipped with an involution τ so that (DX)τ = ∂X and DX/{τ} = X.
We stratify DX by the connected components of the sets (see Fig. 3):
{∂X(v, ω), X◦(v, ω), τ(X◦(v, ω))}ω
All these v-induced stratifications of T (v), X, and DX are the foci of our investigation.
Let Z be a topological space. Recall that the homology Hj(Z;R) comes equipped with
the Gromov simplicial semi-norm ‖ ∼ ‖∆ (see [Gr] and Definition 3.3). We denote by
H∆j (Z;R) the quotient of Hj(Z;R) by the subspace of elements whose simplicial semi-
norm is zero. Thus, H∆j (Z;R) is a normed space with respect to the quotient semi-norm.
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For technical reasons, related to the application of the Gromov Localization Lemma 3.1,
we substitute the relative homology H∗(X, ∂X) with the absolute homology H∗(DX).
By Theorem 4.5, dim
(
H∆k+1(X;R)
)
≤ Cn−k(v), where Cn−k(v) denotes the number of
connected components of dimensions n− k of the strata {X◦(v, ω)}ω .
Similarly, dim
(
H∆k+1(DX;R)
)
≤ ΣCn−k(v), the number of connected components of
dimensions n− k of the strata {∂X(v, ω), X◦(v, ω), τ(X◦(v, ω))}ω .
Thus, for any traversally generic v-flow onX, dim
(
H∆k+1(X;R)
)
and dim
(
H∆k+1(DX;R)
)
—two homotopy-theoretical invariants of (X, ∂X)—deliver lower estimates for Cn−k(v)
and ΣCn−k(v), the (n − k)-dimensional traversing complexities of v! By their very na-
ture, Cn−k(X) and ΣCn−k(X)—the minima of such complexities, taken over all traversally
generic vector fields v on X,—are new invariants of the smooth structure on X. So, the
homotopy theory of the pair (X, ∂X) puts nontrivial restrictions on its traversing complex-
ity.
We stress that all our results are vacuous when the fundamental groups π1(DX) or
π1(X) are amenable (see Definition 3.5).
Let us describe another geometrical manifestation of basically the same phenomenon
(see Theorem 4.2 and Corollary 4.1). Let f : M → X be a map from a closed (k + 1)-
dimensional pseudo-manifold M to X. It realizes the homology class f∗[M ] ∈ Hk+1(X).
We may assume that f is transversal to each pure (n − k)-dimensional stratum from the
stratification {X◦(v, ω)}ω of int(X). Then there exists an universal constant c > 0 (which
depends only on n and k) such that, for any X, any traversally generic v on it, and any f
as above, the intersection number of the cycle f(M) with the union of (n− k)-dimensional
strata from the stratification {X◦(v, ω)}ω is greater then or equal to c · ‖f∗[M ]‖∆.
Here is a couple of examples that show how these general conclusions apply to the
traversally generic flows on smooth compact 4-folds with boundary. When dim(X) = 4,
the only nontrivial lower bounds of traversing complexities can be provided by the groups
H∆0 (X),H
∆
2 (X),H
∆
3 (X), and H
∆
0 (DX),H
∆
2 (DX),H
∆
3 (DX),H
∆
4 (DX).
The basic arguments that validate the following example are similar to the ones we use
in Example 4.2.
Let Zi be a fibration over a closed oriented surface Mi of a genus g(Mi) ≥ 2 and with
a closed surface fiber Fi (i = 1, . . . , N). Assume that Zi → Mi admits a section si. Form
the connected sum Z = Z1#Z2# . . . #ZN and consider a smooth closed 4-fold W which
is homotopy equivalent to Z.
By deleting the standard 4-ball fromW we get the 4-fold X =W \D4 whose boundary is
the sphere S3. When at least one the fibers {Fi} has the genus g(Fi) ≥ 2, then ‖[DX]‖∆ > 0
and dim
(
H∆4 (DX)
)
= 1. Under these hypotheses, our results imply that any transversally
generic v on X must have at least one trajectory γ from the following list: (a) either γ
pierces he boundary sphere transversally, then simply touches it 3 times, then transversally
pierces it again (the combinatorial pattern of such γ is (12221)), or (b) γ is cubically tangent
to the boundary, then simply tangent, then pierces S3 transversally (the combinatorial
pattern of such γ is either (321) or (123)), or (c) γ is transversal to the boundary sphere,
then quartically tangent to it, then meets it transversally again (the combinatorial pattern
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of such γ is (141)). Moreover, we prove that there exists a universal constant θ > 0, such
that the number of such trajectories grows as θ · ‖[DX]‖∆ at least.
The images of the classes {[si(Mi)]}i are independent inH
∆
2 (X). Thus, dim
(
H∆2 (X)
)
≥
N . Applying Theorem 4.5 to the traversally generic v on X, we get
3 ·#π0(T (v, 1221)) + #π0(T (v, 13)) + #π0(T (v, 31)) ≥ N,
where #π0(T (v, ω)) denotes the number of connected 1-dimensional components of the
combinatorial type ω in T (v).
The Morse theory helps to exclude a priory the tangencies of local multiplicities 3 and
higher. Let W be as before and let f : W → R be a Morse function whose gradient
field v satisfies the Morse-Smale transversality property. We form a compact smooth 4-
fold X by deleting from W sufficiently small standard 4-balls, centered on the f -critical
points. For such a choice of X and v, the combinatorial tangency patterns of the v-
trajectories inX belong to the list: (11), (121), (1221), (12221). Then by similar arguments,
3 ·#π0(T (v, 1221)) ≥ N . ♦
Now let us describe the structure of the paper. In Section 2, for the reader’s conve-
nience, we reintroduce the notion of a traversally generic vector field and describe its basic
properties, needed for Section 4. (they have been studied in a series of papers [K], [K1]
-[K4], and [AK]).
In Section 3, we study maps from a given compact PL-manifold X with boundary onto
special compact CW -complexes K, dim(K) = dim(X)− 1. The local topology (the types
of singularities) of K is prescribed a priori; it is X-independent. We require the fibers of
F : X → K to be PL-homeomorphic to closed segments or to singletons. We call such
maps F the shadows of X. This setting is mimicking the maps Γ : X → T (v), generated
by traversally generic fields v on smooth manifolds X with boundary.
The target space K of a shadow F comes equipped with a natural stratification, defined
by the local topology of the singular loci in K. With the help of F , that stratification
induces stratifications in X and in its double DX.
We introduce the j-th complexities of a shadow F as the number of connected compo-
nents of the strata of the fixed dimension j in F (X), X or in DX.
The main results of Section 3 are Theorem 3.1-3.3. The first two deal with “the amenable
localization of the Poincare´ duality operators”, in particular, with estimations of their
norms in terms of the normed “homology” groups H∆∗ (DX;R) or H
∆
∗ (X;R). In Theorem
3.3, the j-th complexities of any shadow F are estimated from below by the ranks of the
groups H∆n+1−j(DX;R) or H
∆
n+1−j(X;R), where n+ 1 = dim(X).
In Section 4, we apply the results from Section 3 to the special shadows, produced by
the traversally generic vector fields. The applications deliver two main results, Theorem
4.2 and Theorem 4.5. Recall that the v-flow canonically generates some well-understood
stratifications of the spaces T (v), X, and DX (see [K2]). As in the category of shadows,
these stratifications lead to few competing notions of complexity for traversally generic
flows. In Theorem 4.5, we get lower estimates of the numbers of connected components
of these flow-generated strata of any given dimension. The estimates are universal for
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the given homotopy type of the pair (X, ∂X) and any traversing field on X. Again, these
universal bounds are expressed in terms of the normed homology of DX or of X. Moreover,
we prove that that the normed spaces H∆n+1−j(DX;R) and H
∆
n−j(X;R) form obstructions
to the existence of the globally j-convex (see Definition 2.2) traversally generic vector flows
on a given X.
In the process of studying various complexities of traversally generic flows, we introduce
few graded differential complexes C℧∗ (T (v)), C
℧
∗ (X, v), C
℧
∗ (DX, v) (see formulae (4.3),
(4.7)). They are naturally produced by the filtrations of the spaces T (v), X, and DX by
the v-induced strata of a fixed codimension. The differential complexes C℧∗ (∼, v) are more
refined invariants of the v-flow than the flow complexities: the complexities {tcj(∼, v)}j are
just the ranks of the corresponding j-graded terms of these complexes. Although C℧∗ (∼, v)
seem to be the right instruments for studying traversing vector fields on X and ultimately
X itself, their homological investigation belongs to a different paper.
2. Basics of Traversally Generic Vector Fields
We start with presenting few basic definitions and facts related to the traversally generic
vector fields.
Let X be a compact connected smooth (n + 1)-dimensional manifold with boundary.
A vector field v is called traversing if each v-trajectory is ether a closed interval with
both ends residing in ∂X, or a singleton also residing in ∂X (see [K1] for the details). In
particular, a traversing field does not vanish in X. In fact, v is traversing if and only if
v 6= 0 and v is of the gradient type (see [K1]).
For traversing fields v, the trajectory space T (v) is homology equivalent to X (Theorem
5.1, [K3]).
We denote by Vtrav(X) the space of traversing fields on X.
In this paper, we consider an important subclass of traversing fields which we call traver-
sally generic (see formula (2.4) and Definition 3.2 from [K2]).
For a traversally generic field v, the trajectory space T (v) is stratified by closed sub-
spaces, labeled by the elements ω of an universal poset Ω•′〈n] which depends only on
dim(X) = n+1 (see [K3], Section 2, for the definition and properties of Ω•′〈n]). The elements
ω ∈ Ω•′〈n] correspond to combinatorial patterns that describe the way in which v-trajectories
γ ⊂ X intersect the boundary ∂1X =def ∂X. Each intersection point a ∈ γ ∩ ∂1X acquires
a well-defined multiplicity m(a), a natural number that reflects the order of tangency of γ
to ∂1X at a (see [K1] and Definition 2.1 for the expanded definition of m(a)). So γ ∩ ∂1X
can be viewed as a divisor Dγ on γ, an ordered set of points in γ with their multiplici-
ties. Then ω is just the ordered sequence of multiplicities {m(a)}a∈γ∩∂1X , the order being
prescribed by v.
The support of the divisor Dγ is either a singleton a, in which case m(a) ≡ 0 mod 2,
or the minimum and maximum points of supDγ have odd multiplicities, and the rest of
the points have even multiplicities.
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Let
m(γ) =def
∑
a∈γ ∩ ∂1X
m(a) and m′(γ) =def
∑
a∈γ ∩ ∂1X
(m(a)− 1).(2.1)
Similarly, for ω =def (ω1, ω2, . . . , ωi, . . . ) we introduce the norm and the reduced norm of
ω by the formulas:
|ω| =def
∑
i
ωi and |ω|
′ =def
∑
i
(ωi − 1).(2.2)
Let ∂jX =def ∂jX(v) denote the locus of points a ∈ ∂1X such that the multiplicity of
the v-trajectory γa through a at a is greater than or equal to j. This locus has a description
in terms of an auxiliary function z : Xˆ → R which satisfies the following three properties:
(2.3)
• 0 is a regular value of z,
• z−1(0) = ∂1X, and
• z−1((−∞, 0]) = X.
In terms of z, the locus ∂jX =def ∂jX(v) is defined by the equations:
{z = 0, Lvz = 0, . . . , L
(j−1)
v z = 0},
where L
(k)
v stands for the k-th iteration of the Lie derivative operator Lv in the direction
of v (see [K2]).
The pure stratum ∂jX
◦ ⊂ ∂jX is defined by the additional constraint L
(j)
v z 6= 0.
Definition 2.1 The multiplicity m(a), where a ∈ ∂X, is the index j such that a ∈ ∂jX
◦.
♦
The characteristic property of traversally generic fields is that they admit special flow-
adjusted coordinate systems, in which the boundary is given by quite special polynomial
equations (see formula (2.4)) and the trajectories are parallel to one of the preferred co-
ordinate axis (see [K2], Lemma 3.4). For a traversally generic v on a (n + 1)-dimensional
X, the vicinity U ⊂ Xˆ of each v-trajectory γ of the combinatorial type ω has a special
coordinate system
(u, ~x, ~y) : U → R× R|ω|
′
× Rn−|ω|
′
.
By Lemma 3.4 and formula (3.17) from [K2], in these coordinates, the boundary ∂1X is
given by the polynomial equation:
℘(u, ~x) =def
∏
i
[
(u− i)ωi +
ωi−2∑
l=0
xi,l(u− i)
l
]
= 0(2.4)
of an even degree |ω| in u. Here i ∈ Z runs over the distinct roots of ℘(u,~0) and ~x =def
{xi,l}i,l. At the same time, X is given by the polynomial inequality {℘(u, ~x) ≤ 0}. Each
v-trajectory in U is produced by freezing all the coordinates ~x, ~y, while letting u to be free.
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We denote by X(v, ω) the union of v-trajectories whose divisors are of a given combina-
torial type ω ∈ Ω•′〈n]. Its closure ∪ω′•ω X(v, ω
′) is denoted by X(v, ω•).
Each pure stratum T (v, ω) ⊂ T (v) is an open smooth manifold and, as such, has a
“conventional” tangent bundle.
We denote by V‡(X) the space of traversally generic fields on X. It turns out that V‡(X)
is an open and dense (in the C∞-topology) subspace of Vtrav(X) (see [K2], Theorem 3.5).
Definition 2.2. We say that a traversing field v on X is globally k-convex if m′(γ) < k
for any v-trajectory γ. ♦
3. Shadows of Manifolds with Boundary and their Complexity
The notion and properties of shadows (see Definition 3.1), the main subject of this
section, are inspired by the maps Γ : X → T (v), where the field v is traversally generic.
We are going to pick a fixed and carefully chosen class of compact n-dimensional CW -
complexes K whose local topological structure is prescribed.
Let X be a compact connected PL-manifold of dimension n+ 1 with boundary.
We will consider a variety of surjective maps {F : X → K} with the F -fibers being a
particular type of contractible 1-dimensional complexes (in this paper, segments and sin-
gletons). We think of such CW -complexes K = F (X) as “shadows” of the given manifold
X. We consider singularities in K of particular types {K(ω)}ω and intend to count the
cardinalities {#π0(K(ω))}ω . We view this count of connected components of the strata
K(ω) as measuring the complexity of the surjection F . Then we minimize these numbers
over all F ’s to get various notions of complexity for the given manifold X.
Let us start with a quite general setting. Let S be a poset equipped with two maps: a
map µ : S → Z+ and an order-preserving map µ
′ : S → Z+. By definition, for each ω ∈ S,
µ′(ω) < µ(ω). For each n ∈ Z+, we assume that the poset Sn =def (µ
′)−1([0, n]) is finite.
With each element ω ∈ Sn we associate a model compact CW -complex Tω of dimension
µ′(ω) and a model compact PL-manifold Eω of dimension µ
′(ω) + 1. They are linked by a
PL-map pω : Eω → Tω whose fibers are closed intervals or singletons. In what follows, we
will list additional properties of the two collections, E =def {Eω}ω∈S and T =def {Tω}ω∈S
(exhibiting topologically distinct Tω’s). We will do it in a recursive fashion.
Consider a set Cosp(T, n)1 of n-dimensional compact CW -complexes K such that each
point y ∈ K has a neighborhood which is PL-homeomorphic to the product Tω ×D
n−µ′(ω)
for some ω ∈ S, where µ′(ω) ≤ n, and Dn−µ
′(ω) denotes the standard ball.
We require that each model space Tω
2 topologically will be a cone over a space Sω that
belongs to the set Cosp(T, n − 1).
By definition, Cosp(T, 1) consists of finite graphs whose verticies are of valencies 1 and
3 only.
1“Cosp” is an abbreviation of “cospine”.
2“normal” to the ω-labeled stratum K(ω) in K
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We denote by K(ω) the set of points in K whose neighborhoods are modeled after the
space Tω ×D
n−µ(ω). It follows that each K(ω) ⊂ K is a locally closed PL-manifold.
Let us also consider a filtration K = K−0 ⊃ K−1 ⊃ · · · ⊃ K−n of K by the closed
subcomplexes
K−j =def
⋃
{ω∈Sn| µ′(ω)≥j}
K(ω)(3.1)
of dimensions n− j. Note that K−j = ∅ implies K−(j+1) = ∅.
Definition 3.1. Let X be a compact connected PL-manifold of dimension n + 1. We
assume that ∂X 6= ∅. Consider the set Shad(X,E⇒ T) of surjective PL-maps F : X → K
such that:
• K is a compact CW -complex of the type from Cosp(T, n),
• each fiber of F is PL-homeomorphic to a closed interval I or to a singleton pt, where
∂I and pt reside in ∂X.
• F ∂ =def F | : ∂X → K is a surjective map with finite fibers,
• for each ω ∈ S, the map
F | : F−1(K(ω))→ K(ω)
is a trivial fibration with an orientable manifold base, and the map
F ∂ | : (F ∂)−1(K(ω))→ K(ω)
is a trivial covering with the fiber of cardinality µ(ω)− µ′(ω),
• each point y ∈ K(ω) has a regular neighborhood Vy ⊂ K such that the map
F : (F−1(Vy), F
−1(∂Vy))→ (Vy, ∂Vy)
is conjugate to the model map
pω × id : (Eω, δEω)×D
n−µ(ω) → (Tω,Sω)×D
n−µ(ω)
via a PL- homeomorphism which preserves the Sn-stratifications in both spaces.
Here δEω denotes the portion of the boundary ∂Eω that is mapped to Sω.
For F ∈ Shad(X,E⇒ T), we call the CW -complex F (X) a S-shadow of X. ♦
Definition 3.2. We say that a compact connected PL-manifold X with boundary is
globally k-convex if it has a shadow F ∈ Shad(X,E⇒ T) with the property F (X)−k = ∅.
Note that the global k-convexity implies global (k + 1)-convexity. ♦
Part of this section is devoted to finding obstructions to the global k-convexity, selected
from the tool set of algebraic topology.
Next, we will employ Gromov’s simplicial semi-norms [Gr] to give lower estimates of
the complexities of shadows and of traversing flows on a given (n + 1)-manifold X. The
number of v-trajectories of the (maximal) reduced multiplicity dim(X)− 1 can serve as an
example of such complexity. First, let us recall a few relevant definitions (see [Gr], [Gr1]).
Definition 3.3. Let X ⊃ Y be topological spaces. Given a relative homology class
h ∈ Hk(X,Y ;R), consider all relative singular cycles c =
∑
i riσi that represent h. Here
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ri ∈ R and σi : ∆
k → X are singular simplicies; each (k − 1)-simplex from the algebraic
boundary ∂c being mapped to Y . We assume that, for any compact K ⊂ X, only finitely
many images {σi(∆)} intersect K. Put
‖c‖l1 =def
∑
i
|ri|.
We define the simplicial semi-norm of a homology class h by the formula:
‖h‖∆ =def inf
c
{
‖c‖l1
}
.
♦
This construction defines a semi-norm ‖ ∼ ‖∆ on the vector space Hk(X,Y ; R). The
semi-norm is monotone decreasing under continuous maps of pairs of spaces:
‖h‖∆ ≥ ‖f∗(h)‖∆
for any h ∈ Hk(X1, Y1 Z) and a continuous map f : (X1, Y1) → (X2, Y2). Moreover, if
f : X1 → X2 is a continuous map such that f∗ : π1(X1) → π1(X2) is an isomorphism of
the fundamental groups, then ‖f∗(h)‖∆ = ‖h‖∆ for any h ∈ Hk(X1;R) [Gr].
If M is any closed, oriented hyperbolic manifold, then
Vol(M) = c(n) · ‖[M ]‖∆,(3.2)
where [M ] denotes the fundamental class of M and c(n) is an universal positive constant
(this is the Proportionality Theorem, page 11 of [Gr]). For this reason, the simplicial norm
of the fundamental class [X] is often called the simplicial volume.
Gromov’s Localization Lemma 3.1 below relies on the notion of the stratified simplicial
semi-norm, available for stratified spaces X and pairs X ⊃ Y of stratified spaces.
We consider stratified spaces such that if a stratum S intersects the closure S′ of another
stratum S′, then S ⊆ S′. In this case we write S  S′. If neither S  S′ nor S′  S, then
we say the two strata are incomparable.
Recall that the corank of a stratum Yω in a S-stratification of a given space Y is the
maximal length k of a filtration Yω ⊂ Y¯ω1 ⊂ · · · ⊂ Y¯ωk by the distinct strata whose closures
contain Yω.
Definition 3.4. Let X be a S-stratified topological space. Given a real homology class
h ∈ Hk(X;R), consider all singular cycles c =
∑
i riσi that represent h, where ri ∈ R and
σi : ∆
k → X are singular simplicies that are consistent with the stratification S, in the
following sense3:
• We require that for each simplex σi of c, the image of the interior of each face
(of any dimension) must be contained in one stratum. We call this the cellular
condition.
3Gromov gives two conditions: ord(er) and int(ernality) ([Gr1], p. 27). We use these two conditions plus
two more!
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a b c
d e f
Figure 2. Examples of a singular 2-simplex in relation to a stratification of
the plane by a single stratum of codimension 2, three strata of codimension
1, and two strata of codimension 0. Diagrams (a), (b), (c) are consistent
with the four bullet list from Definition 3.4; diagram (d) violates the second
bullet, diagram (e) violates the third bullet, diagram (f) violates the first
bullet.
• The (ord) condition states that the image of each simplex of c must be contained
in a totally ordered chain of strata; that is, the simplex does not intersect any two
incomparable strata.
• The (int) condition states that for each simplex of c, if the boundary of a face (of
any dimension) maps into a stratum S, then the whole face maps into S.
• For technical reasons (involving the Amenable Reduction Lemma in [AK]), we
require that if two vertices of a simplex σi map to the same point v ∈ X, then the
edge between them must be constant at v. We call this the loop condition.
We define the S-stratified simplicial semi-norm of a homology class h by the formula:
‖h‖S∆ =def inf
c
{
‖c‖l1
}
,
where c runs over all the cycles c =
∑
i riσi that represent h, subject to the four properties
above.
Similar definition of ‖h‖S∆ is available for relative homology classes h ∈ Hk(X,Y ;R),
where the inclusion Y ⊂ X is a S-stratified map. ♦
Definition 3.5. A discrete group G is called amenable if for every finite subset S ⊂ G
and every ǫ > 0, there exists a finite non-empty set A ⊂ G such that the proportion of
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cardinalities
|((g · A) ∪A) \ ((g · A) ∩A)|
|A|
< ǫ
for all g ∈ S. ♦
Finally, we are in position to state the pivotal Gromov’s Localization Lemma from [Gr1],
page 772. Its proof there is a bit rough; a detailed proof can be found in [AK].
Lemma 3.1 (Gromov’s Localization Lemma). Let X be a closed (n + 1)-manifold
with stratification S consisting of finitely many connected locally closed submanifolds. Pick
an integer j from the interval [0, n + 1]. Let Z be a space with the contractible universal
cover4, and let α : X → Z be a continuous map such that the α-image of the fundamental
group of each stratum of codimension less than j is an amenable subgroup of π1(Z).
Let X−j ⊆ X denote the union of strata with codimension at least j, and let U be
a neighborhood of X−j in X. Then the α-image of every j-dimensional homology class
h ∈ Hj(X) satisfies the upper bound
‖α∗(h)‖∆ ≤ ‖hU‖
S
∆,
where hU ∈ Hj(U, ∂U) denotes the restriction of h to U , obtained via the composite homo-
morphism
Hj(X)→ Hj(X,X \ U)→ Hj(U, ∂U),
where the last map is the excision isomorphism. ♦
Let X be a compact oriented manifold with boundary. For technical reasons related
to the application of Lemma 3.1, many arguments to follow will deal with the double
DX = X ∪∂X X of X instead of the pair (X, ∂X). The orientation on X extends to an
orientation on its double. Then there is an orientation-reversing involution τ : DX → DX
whose orbit space is X and whose fixed point set DXτ = ∂X.
Note that any absolute homology class h˜ ∈ H∗(DX), via the restriction to X, gives rise
to a relative class h ∈ H∗(X, ∂X). Conversely, every relative class h, with the help of the
involution τ gives rise to an absolute class h˜ ∈ H∗(DX) whose restriction to X ⊂ DX
produces h. Therefore, H∗(X, ∂X) can be viewed as a direct summand of H∗(DX).
However, the relation between the simplicial semi-norms of h˜ ∈ H∗(DX) and of h ∈
H∗(X, ∂X) is not so transparent. For example, if X is a cylindrical surface and h ∈
H1(X, ∂X) is a generator, then ‖h‖∆ = 1, while ‖h˜‖∆ = 0 since homologically the longitude
h˜ of the torus DX can be represented by the singular rational cycle 1
N
· {f : [0, 1]→ DX},
where f wraps the segment [0, 1] N times around the longitude; so ‖h˜‖∆ ≤
1
N
for all N .
Note that X/∂X is a torus with one of its meridians being collapsed to a point. The
simplicial semi-norm of the longitude in X/∂X is zero. So, although H1(X, ∂X) is canoni-
cally isomorphic to the reduced homology H1(X/∂X, ∂X/∂X), the isomorphism is not an
isometry in the two simplicial semi-norms!
At the same time, similar considerations imply that, for the cylinder X, the simplicial
semi-norms on both H2(X, ∂X) and H2(DX) are trivial.
4that is, a K(pi, 1)-space
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Lemma 3.2. Let X be a connected compact and oriented (n+1)-manifold with boundary.
Let β : DX → X/∂X be the degree 1 map which collapses the second copy τ(X) ⊂ DX of
X to the point ⋆ = ∂X/∂X ∈ X/∂X, and let α : (X, ∂X)→ (X/∂X, ⋆) be the obvious map
of pairs. Then, for any h ∈ Hj(X, ∂X), we get
2‖h‖∆ ≥ ‖h− τ∗(h)||∆ ≥ ‖α∗(h)‖∆,
where the middle term is the simplicial semi-norm of the class h− τ∗(h) ∈ Hj(DX).
In particular, for the fundamental class h = [X, ∂X] ∈ Hn+1(X, ∂X;R), the class
h− τ∗(h) = [DX] is fundamental; so we get
2‖[X, ∂X]‖∆ ≥ ‖[DX]‖∆ ≥ ‖[X/∂X]‖∆.
Proof. If c =
∑
i riσi is a relative cycle with the l1-norm ‖c‖ being ǫ-close to ‖h‖∆, then
the chain
∑
i riσi −
∑
i riτ(σi) is an absolute cycle in DX whose l1-norm is 2‖c‖ at most.
Thus 2‖h‖∆ ≥ ‖h− τ∗(h)‖∆.
On the other hand, consider the degree 1 map β : DX → X/∂X. By [Gr], the simplicial
volume does not increase under continuous maps. Therefore, observing that α∗(h) =
β∗(h− τ∗(h)), we get ‖h− τ∗(h)‖∆ ≥ ‖α∗(h)]‖∆. 
Let S be a stratification of X by strata S such that the sets {S ∩ ∂X}S∈S form a
stratification S∂ of the boundary ∂X. Then S gives rise to a stratification DS of the
double DX so that any stratum S ∈ DS either belongs to ∂X (in which case S ∈ S∂)
or to DX \ ∂X. Conversely, any τ -invariant stratification DS of the double induces a
stratification S of X.
Next, we are going to associate few useful differential chain complexes and their homology
groups with shadows of manifolds X with boundary. Eventually they will become useful
instruments in our investigations of various notions of complexity of traversing flows.
Let F ∈ Shad(X,E ⇒ T) be a shadow (see Definition 3.1) of a compact orientable PL-
manifold X of dimension n+1. Put K =def F (X). We consider the finite Sn-stratification
{K(ω)}ω∈Sn of K by the model (normal to the strata) spaces {Tω} of dimensions {µ
′(ω)}.
We denote by X(F, ω) the F -preimage of the pure stratum K(ω). These sets form a
stratification SF (X) of X.
The CW -complex K ∈ Cosp(T, n) comes equipped with a filtration
K =def K−0 ⊃ K−1 ⊃ · · · ⊃ K−n
which has been introduced in (2.1) and employs the more refined Sn-stratification.
Let A be an abelian coefficient system on K. As a default, A = R, the trivial coefficient
system with the real numbers for a stalk.
For each j ∈ [0, n], consider the relative homology groups5
{C℧j (K) := Hj(K−n+j ,K−n+j−1; A)}j(3.3)
associated with the filtration. Note that dim(K−n+j) = j, so C
℧
j (K) is the top reduced
homology of the quotient K−n+j/K−n+j−1.
5in our notations, we suppress the dependance of these homology groups on the coefficients A.
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These homology groups can be organized into a differential complex
C℧∗ (K) =def
{
0→ C℧n(K)
∂n→ C℧n−1(K)
∂n−1
→ · · ·
∂1→ C℧0 (K)→ 0
}
,(3.4)
where the differentials {∂j} are the boundary homomorphisms from the long exact homol-
ogy sequences of the triples {K−n+j ⊃ K−n+j−1 ⊃ K−n+j−2}j .
Since the pure strata K◦−n+j =def K−n+j \ K−n+j−1 are open orientable manifolds of
dimension j, the A-modules {C℧j (K)}j are free and finitely generated, the number of gen-
erators being the number of connected components of the locus K◦−n+j .
We call the homology groups H℧∗ (K), associated with the differential complex (3.4), the
℧-homology of K.
In fact, the ℧-homology is an ingredient of the homology spectral sequence associated
with the filtration {K−j}j and converging to the regular homology H∗(K) ≈ H∗(X) for any
shadow K = F (X). Therefore the is a canonical homomorphism A℧∗ : H
℧
∗ (K)→ H∗(X).
Definition 3.6. With any filtered CW -complex K ∈ Shad(T, n) and its filtration as in
(2.1), we associate the ordered collection of ranks{
cj(K) =def rkA(C
℧
j (K))
}
0≤j≤n
,
where the groups {C℧j (K))}j were introduced in (3.3).
We call cj(K) the j-th ℧-complexity of K. ♦
Definition 3.7. Let X be a compact connected PL-manifold with boundary, dim(X) =
n + 1. Consider the variety of maps F : X → K from the set Shad(X,E ⇒ T) as in
Definition 3.1. Each F produces the sequence of ℧-complexities:
c(F ) =def
{
c0(F (X)), c1(F (X)), . . . , cn(F (X))
}
Consider the lexicographical minima
cshad(X,E⇒ T) =def lex.min{F∈Shad(X,E⇒T)} c(F (X))(3.5)
We call them the lexicographic shadow complexity of X.
We denote by cshadj (X,E⇒ T) the (j+1)-component of the vectors c
shad(X,E⇒ T). ♦
Remark 3.1. Of course, the definitions above rely on the set Shad(X,E ⇒ T) being
nonempty, a nontrivial fact which requires a carefully designed poset S and a system of
models {pω : Eω → Tω}ω∈S (as the ones introduced in [K2]). ♦
Remark 3.2. If a compact connected PL-manifold X of dimension n + 1 is globally k-
convex (see Definition 3.2), then for some shadow F and all j ≥ k, we get F (X)−j = ∅.
Thus C℧n−j(F (X)) = 0 for all j ≥ k, implying c
shad
n−j (X,E ⇒ T) = 0 for all j ≥ k. In other
words, cshadl (X,E⇒ T) = 0 for all l ≤ n− k. ♦
Our next goal is to find some lower estimates of the complexities {cshadj (X,E⇒ T)}j in
terms of the algebraic topology of X.
Let us consider a refinement S•F (X) of the stratification SF (X) of X, formed by the
connected components of the sets:{
X◦(F, ω) =def X(F, ω) \ (∂X ∩X(F, ω)), X
∂(F, ω) =def ∂X ∩X(F, ω)
}
ω∈S
.(3.6)
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Fig. 1 shows an example of such a stratification S•F (X) on a surface X.
The double DX acquires the τ -equivariant stratification SF (DX) whose pure strata are:
{X◦(F, ω), τ(X◦(F, ω)), X∂(ω)}ω .
and its refinement S•F (DX), formed by the connected components of the strata from
SF (DX).
The stratifications S•F (X) and S
•
F (DX) give rise to the filtrations:
X =def X
F
−0 ⊃ X
F
−1 ⊃ · · · ⊃ X
F
−(n+1),
DX =def DX
F
−0 ⊃ DX
F
−1 ⊃ · · · ⊃ DX
F
−(n+1)
by the union of strata of a fixed codimension, each pure stratum being an open manifold.
Analogously to (3.3) we consider the relative homology and cohomology groups with
coefficients in A:
{C℧j
(
DX,F
)
=def Hj
(
DXFj−n−1, DX
F
j−n; A
)
}j ,(3.7)
{Cj
℧
(
DX,F
)
=def H
j
(
DXFj−n−1, DX
F
j−n; A
)
}j .
They can be organized into a differential complex:
C℧∗ (DX,F ) =def(3.8) {
0→ C℧n+1(DX,F )
∂n+1
→ C℧n(DX,F )
∂n→ · · ·
∂1→ C℧0 (DX,F )→ 0
}
,
where the differentials {∂j} are the boundary homomorphisms from the long exact homol-
ogy sequences of triples {DXF−j+1 ⊃ DX
F
−j ⊃ DX
F
−j−1}j .
Similarly, we introduce the dual differential complex
C∗℧(DX,F ) =def(3.9) {
0← Cn+1
℧
(DX,F )
∂∗n+1
← Cn℧(DX,F )
∂∗n← · · ·
∂∗1← C0℧(DX,F )← 0
}
When A = Z, since DXFj−n−1 \ DX
F
j−n is an open orientable j-manifold, by [Hat],
Corollary 3.28, the torsion tor
{
Hj−1
(
DXFj−n−1, DX
F
j−n; Z
)}
= 0, which results in the
natural isomorphism
C
j
℧
(DX,F ) ≈ HomZ(C
℧
j (DX,F ), Z).
In the notations to follow, we drop the dependence of the constructions on the choice of
the coefficient group A, but presume that A is Z or R.
So the complexes C℧∗ (DX,F ) and C
∗
℧
(DX,F ) are comprised of free A-modules whose
generators {[σ]} are in 1-to-1 correspondence with the strata σ ∈ S•F (DX) (see (3.7)).
We denote by Z℧j (DX,F ) the kernels of the differentials ∂j and by B
℧
j (DX,F ) the images
of the differentials ∂j+1 from (3.9). Next, we form the ℧-homology
H℧j (DX,F ) =def Z
℧
j (DX,F )/B
℧
j (DX,F )
of the double DX, associated with its stratification S•F (DX).
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Since each cycle ζ ∈ Z℧j (DX,F ) is a common singular cycle in DX (indeed, by (3.8)
and (3.9), the boundary of the j-chain ζ is mapped in the subcomplex of DX of dimension
j − 2), there is a canonical homomorphism A℧∗ : H
℧
∗ (DX,F )→ H∗(DX).
Since the differential complex (3.9) is the dual of the differential complex (3.8), the
natural paring Cn−k
℧
(DX,F ) ⊗ C℧n−k(DX,F )→ R produces an isomorphism
Φ : Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F ) ≈ (Z℧n−k(DX,F ))
∗,
where (Z℧n−k(DX,F ))
∗ denotes the dual space of Z℧n−k(DX,F )).
The next localization construction is central to the rest of this section. Using the
Poincare´ duality D on the closed oriented manifold DX, for each k ∈ [−1, n], we introduce
the localization transfer map
LFk+1 : Hk+1
(
DX
) ≈D
−→ Hn−k
(
DX
) i∗
→ Hn−k
(
DXF−(k+1)
)
,
where i : DXF−(k+1) ⊂ DX is the embedding.
Because the locus DXF−(k+1) is a (n− k)-dimensional CW -complex, the top cohomology
group Hn−k(DXF−(k+1)) can be identified with the quotient C
n−k
℧
(DX,F )/Bn−k
℧
(DX,F )
from the complex in (3.9). This fact follows from the diagram chase in the two long exact
cohomology sequences of the pairs
(
DXF−(k+1),DX
F
−(k+2)
)
,
(
DXF−(k+2),DX
F
−(k+3)
)
. The
first pair gives rise to the fragment of the exact sequence
→ Hn−k−1(DXF−(k+2))
δ
→ Cn−k
℧
(DX,F )
j∗
→ Hn−k(DXF−(k+1))→ 0,
while the second pair to the fragment
→ Cn−k−1
℧
(DX,F )
J∗
→ Hn−k−1(DXF−(k+2))→ 0,
so that the composition J∗ ◦ δ coincides with the boundary map
δn−k−1 : Cn−k−1
℧
(DX,F )→ Cn−k
℧
(DX,F )
from the differential complex C∗
℧
(DX,F ). Therefore
Hn−k(DXF−(k+1)) ≈ C
n−k
℧
(DX,F )/Bn−k
℧
(DX,F ).
Similar diagram chase in homology leads to an isomorphism
Hn−k(DX
F
−(k+1)) ≈ Z
℧
n−k(DX,F ).
As a result, for each shadow F , we get the transfer homomorphism
LF,℧k+1 : Hk+1(DX)
≈D
−→ Hn−k(DX)
i∗
→ Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F ).(3.10)
Our next goal is to introduce a norm |[∼]|℧ in the target space C
n−k
℧
(DX,F )/Bn−k
℧
(DX,F )
of the homomorphism LF,℧k+1 and to show that
‖h‖∆ ≤ const(n) · |[L
F,℧
k+1(h)]|℧
for any h ∈ Hk+1(DX) and some universal constant const(n) > 0 which depends only on
the list of model maps {Eω → Tω}ω as in the last bullet of Definition 3.1.
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Consider the l1-norm ‖ ∼ ‖l1 on the space C
n−k
℧
(DX,F ) in the unitary basis {[σ∗]},
labeled by the strata σ ∈ S•F (DX) of dimension n−k, and dual to the preferred basis {[σ]}
of C℧n−k(DX,F ). Then the norm |[∼]|℧ on C
n−k
℧
(DX,F )/Bn−k
℧
(DX,F ) is, by definition,
the quotient norm induced by the norm ‖ ∼ ‖l1 on the space C
n−k
℧
(DX,F ).
We may regard the maximal proportion
sup
{h∈Hk+1(DX), ‖h‖∆ 6=0}
{
|[LF,℧k+1(h)]|℧/‖h‖∆
}
as the norm of the operator LF,℧k+1. So the inequality above (see also (3.11)) testifies that
these norms admit a positive lower bound, universal for all X, dim(X) = n+ 1, and F .
As the reader examines the hypotheses of the next theorem, it is helpful to keep in mind
the following simple example. Let X be a 2-dimensional ball with two holes. Then DX is
a closed surface of genus 2. Note that the fundamental group of each component of ∂X is
abelian. So its image in π1(DX) is an amenable group.
Theorem 3.1 (The 1st Amenable Localization of the Poincare´ Duality).
Let X be a compact connected (n+1)-dimensional PL-manifold with a nonempty boundary.
Assume that for each connected component of the boundary ∂X, the image of its funda-
mental group in π1(DX) is an amenable group
6.
Then, there exists an universal constant Θ > 0 such that, for any shadow F ∈
Shad(X,E⇒ T), the space Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F ) admits a norm |[ ]|℧ so that
‖h‖∆ ≤ Θ · |[L
F,℧
k+1(h)]|℧(3.11)
for all h ∈ Hk+1(DX). Here the Poincare´ duality localizing operator L
F,℧
k+1 is introduced
in (3.10), and the constant Θ depends only on n, the poset S, and the list of model maps
{Eω → Tω}ω∈S in the way that is described in formula (3.16).
Proof. Let U be a regular neighborhood of the set DXF−(k+1) in DX. So the PL-manifold
U has a homotopy type of a (n− k)-dimensional CW -complex DXF−(k+1).
Let Π =def π1(DX). In order to apply Localization Lemma 3.1 to the neighborhood
U , the homology class h ∈ Hk+1(DX;Z), and the classifying map β : DX → K(Π, 1),
we need to check that, for each stratum σ ∈ S•F (DX), the subgroup β∗π1(σ) of Π is an
amenable group. This is true if σ ⊆ ∂X since for each connected component of ∂X, the
image of its fundamental group in Π is amenable, and every subgroup of an amenable group
is amenable. Otherwise, σ is contained in some locus X◦(ω) or in some locus τ(X◦(ω)).
By the fourth bullet of Definition 3.1, this preimage X◦(F, ω) is a trivial oriented bundle
F : X◦(F, ω)→ K(ω) whose fiber is a disjointed union of open intervals. Therefore
F : σ → F (σ) ⊂ K(ω) is a trivial fibration whose fiber is an open interval. As a result,
F∗ : π1(σ)→ π1(F (σ)) is an isomorphism.
On the other hand, the covering F : X∂(F, ω) → K(ω) is trivial and therefore admits
a section ρ : K(ω) → X∂(F, ω) such that its image intersects with the closure cl(σ) of
6Evidently, if for each connected component of the boundary ∂X, the image of its fundamental group
in pi1(X) is amenable, then it is automatically amenable in pi1(DX).
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σ in X. Put σ¯ =def σ ∪ ρ(F (σ)). The map F : σ¯ → F (σ) is a trivial fibration with
a semi-open interval for the fiber. Therefore the imbedding j : σ ⊂ σ¯ is a homotopy
equivalence, and so is the obvious imbedding q : ρ(F (σ)) ⊂ σ¯. Hence j∗ : π1(σ) → π1(σ¯)
and q∗ : π1(ρ(F (σ))) → π1(σ¯) are isomorphisms. Since ρ(F (σ)) ⊂ ∂X and, for every
choice of the base point x⋆ ∈ ∂X, the β∗-image of each fundamental group π1(∂X, x⋆) in
Π is amenable, so is the β∗-image of π1(ρ(F (σ)))—a subgroup of an amenable group is
amenable. By the previous arguments, the β∗-image of π1(σ) is amenable.
Now, applying localization Lemma 3.1 to the classifying map β : DX → K(Π, 1), gives
the inequality:
‖h‖∆ ≤ ‖hU‖
S•
F
(U)
∆ ,(3.12)
where hU denotes the restriction of the absolute homology class h to (U, ∂U). Indeed
by [Gr], ‖β∗(h)‖∆ = ‖h‖∆ since, by its construction, β induces tan isomorphism of the
fundamental groups of DX and K(Π, 1).
F(X)
X
σ
F(σ )
h
Dσ
σ ’
F(σ ’ )
σ ’D
D(X)
Figure 3. The cycle h ∈ Hk+1(DX), its transversal intersections with the
strata {σ ⊂ DXF−(k+1)}, and the normal disks {D
k+1
σ } which represent the
localization hU .
For each (n− k)-dimensional stratum σ ∈ S•F (DX), consider an oriented disk
(Dk+1σ , ∂D
k+1
σ ) ⊂ (U, ∂U),
normal to the open manifold σ ⊂ U at its typical point. Taking a smaller regular neighbor-
hood U of the subcomplexDXF−(k+1) ⊂ DX if necessarily, we can arrange for {D
k+1
σ }σ to be
disjointed, so that each disk Dk+1σ hits its stratum σ transversally at a singleton and misses
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the rest of the strata. Note that the relative integral homology classes {[Dk+1σ , ∂D
k+1
σ ]}σ
may be dependent in Hk+1(U, ∂U).
We claim that any element hU ∈ Hk+1(U, ∂U) can be written as a linear combination of
relative cycles {[Dk+1σ , ∂D
k+1
σ ] ∈ Hk+1(U, ∂U)}σ :
hU =
∑
σ∈S•
F
(DX), dim σ=n−k
rσ · [D
k+1
σ , ∂D
k+1
σ ].(3.13)
In fact, Hk+1(U, ∂U) can be recovered from the free Z-module, generated by the elements
{[Dk+1σ , ∂D
k+1
σ ]}σ, by factoring the module by the appropriate relations.
To justify the presentation in (3.13), we notice that, since DXF−(k+1) is a deformation
retract of U , any (n − k)-dimensional homology class in U is represented by a cycle z in
DXF−(k+1), a combination
∑
σ nσ ·σ of the top strata of the (n−k)-dimensional CW -complex
DXF−(k+1). The algebraic intersection of z◦D
k+1
σ = nσ, since σ◦D
k+1
σ = 1 and σ
′◦Dk+1σ = 0
for any σ′ 6= σ by the very choice of the normal disks Dk+1σ ’s. For the R-coefficients, by the
Poincare´ duality, any (k + 1)-dimensional homology class h˜ ∈ Hk+1(U, ∂U) is determined
by its algebraic intersections with the cycles z ∈ Hn−k(U) ≈ Hn−k(DX
F
−(k+1)). Therefore
any h˜ is a linear combination of {[Dk+1σ , ∂D
k+1
σ ]}σ .
To simplify notations, put [Dk+1σ ] =def [D
k+1
σ , ∂D
k+1
σ ].
We introduce the norm of hU by the formula
|[hU ]| =def inf
{representations of hU}
{ ∑
σ∈S•
F
(DX), dimσ=n−k
|rσ|
}
,(3.14)
the minimum being taken over all representations of hU as in (3.13).
Applying (3.12) to any presentation of hU as in (3.13), we get
‖h‖∆ ≤
∑
σ∈S•
F
(DX), dim σ=n−k
|rσ| ·
∥∥[Dk+1σ ]
∥∥S•F (U)
∆
.(3.15)
Thus,
‖h‖∆ ≤ Θ ·
∑
σ∈S•
F
(DX), dim σ=n−k
|rσ|,
where
Θ =def max
σ∈S•
F
(DX), dim σ=n−k
{∥∥[Dk+1σ ]
∥∥S•F (U)
∆
}
.(3.16)
Here we stratify the normal disk Dk+1σ by intersecting it with the S
•
F (DX)-stratification
in the ambient space DX. Employing Definition 3.1, the normal to σ disk Dk+1σ can be
viewed as a subspace of the model double space DEωσ , stratified with the help of the model
map pωσ : Eωσ → Tωσ . In DEωσ , the two copies of the space Eωσ , given by ℘(u, ~x) ≤ 0 (see
(2.4)), are attached along the locus ℘(u, ~x) = 0. The normal disk acquires its stratification
from the ambient space DEωσ . Hence, as a stratified topological space, D
k+1
σ depends only
on the position of the stratum σ in the canonical stratification of DEωσ . That position is
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determined by the appropriate combinatorial data, provided by formula (2.4). As a result,
the stratified simplicial norms
∥∥[Dk+1σ ]
∥∥S•F (U)
∆
take a finite set of values, which depend only
on the list of model maps {pω : Eω → Tω}ω. So the constant Θ > 0 in (3.16) is universal
for any X and its shadow F ∈ Shad(X,E⇒ T).
Therefore, in line with formula (3.12) and the definition in (3.14), we get
‖h‖∆ ≤ Θ · |[hU ]|(3.17)
where Θ > 0 is universal for all X, F , and h.
Next, we are going to reinterpret the norm |[hU ]| in terms of the differential complexes
C∗
℧
(DX,F ) and C℧∗ (DX,F ) to make it “more computable”.
Let {[σ]∗}σ be the basis of C
n−k
℧
(DX,F ), dual to the basis {[σ]}σ in C
℧
n−k(DX,F ).
The |[∼]|℧-norm of a class η∗ ∈ Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F ) is the quotient norm, in-
duced by the l1-norm on C
n−k
℧
(DX,F ); it is defined by the formula (which resembles the
formula in (3.14))
|[η∗]|℧ =def inf
{ζ∗≡ η∗ mod Bn−k
℧
(DX,F )}
{ ∑
σ∈S•
F
(DX), dim σ=j
|rσ|
}
,
where
ζ∗ =
∑
σ∈S•
F
(DX), dimσ=j
rσ · [σ]
∗.7
Recall that in (3.13) we have considered an epimorphism A : C†k+1 → Hk+1(U, ∂U),
where C†k+1 denotes the free module over R (or over Z), generated by the normal relative
disks {Dk+1σ }σ. Put R
†
k+1 =def ker(A), so that
C
†
k+1/R
†
k+1 ≈ Hk+1(U, ∂U).
On the other hand, the Poincare´ duality DU produces an isomorphism
B : Hk+1(U, ∂U)
≈DU−→ Hn−k(U)
≈
−→ Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F ).
The composition B ◦A takes each generator Dk+1σ ∈ C
†
k+1 to the class of [σ]
∗ and identifies
the space of relations R†k+1 with the space B
n−k
℧
(DX,F ).
Let DU (hU ) denotes the Poincare´ dual in U of the relative homology class hU . Exam-
ining the definitions of the norm in (3.14) and of the norm |[∼]|℧ and tracing the nature
of the Poincare´ duality (in terms of the intersections of relative and absolute cycles of
complementary dimensions in U), we see that the norm |[hU ]| in (3.14) coincides with the
norm |[DU (hU )]|
℧, where
DU (hU ) ∈ H
n−k(DXF−(k+1)) ≈ C
n−k
℧
(DX,F )/Bn−k
℧
(DX,F ).
7The unit balls in the l1-norms on the spaces C
j
℧
(DX,F ) are convex closures of the vectors {±[σ]∗}σ,
where σ are strata of dimension j.
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Therefore, combining this observation with (3.17), we get the desired inequality:
‖h‖∆ ≤ Θ · |[L
F,℧
k+1(h)]|℧.(3.18)

Theorem 3.1 has a “more geometric” interpretation (see Fig. 3).
Corollary 3.1. Let a homology class h ∈ Hk+1(DX;Z) be realized my a singular pseudo-
manifold8 f :M → DX, dim(M) = k + 1.
Under the hypotheses of Theorem 3.2, the number of intersections of f(M) with the locus
DXF−(k+1) is greater than or equal to Θ
−1 · ‖h‖∆, provided that f is in general position with
the subcomplex DXF−(k+1) ⊂ DX.
Proof. Recall that any integral homology class h ∈ Hk+1(DX;Z) can be realized by a
pseudo-manifold f :M → DX ([Hat], pages 108-109).
By a small perturbation of f , we can assume that f(M) intersects transversally only
with the pure (n− k)-dimensional strata in DXF−(k+1) from the poset S
•
F (DX).
Consider the transversal intersections from the set f(M) ∩ DXF−(k+1). Then, for a
sufficiently narrow regular neighborhood U of DXF−(k+1), the localized class hU has a
representation
hU =
∑
xσ∈f(M)∩DXF−(k+1)
rσ · [D
k+1
xσ
],
where the relative disk (Dk+1xσ , ∂D
k+1
xσ
) ⊂ (U, ∂U) ∩ f(M) and rσ = ±1. By (3.18), the
norm
|[hU ]| ≤
∑
xσ∈f(M)∩DXF−(k+1)
1 = #
(
f(M) ∩DXF−(k+1)
)
.
Again, by (3.18), we get ‖h‖∆ ≤ Θ ·#
(
f(M) ∩DXF−(k+1)
)
. Thus
#
(
f(M) ∩DXF−(k+1)
)
≥ Θ−1 · ‖h‖∆,(3.19)
where the positive constant Θ−1 depends only on n, the poset S, and the list of model
maps E⇒ T in the way that is described in formula (3.16). 
In order to get similar results about absolute homology classes h ∈ Hk+1(X), we consider
the F -induced filtration
XF◦−0 ⊃ X
F◦
−2 ⊃ · · · ⊃ X
F◦
−n
of int(X) by the connected components of the strata {X◦(F, ω)} as in (3.6) and the relative
homology/cohomology groups
{C℧j
(
X,F ◦
)
=def Hj
(
XF•j−n−1, X
F•
j−n ∪ (X
F•
j−n−1 ∩ ∂X); A
)
}j ,
{Cj
℧
(
X,F ◦
)
=def H
j
(
XF•j−n−1, X
F•
j−n ∪ (X
F•
j−n−1 ∩ ∂X); A
}
j
.(3.20)
8a compact simplicial complex whose singular set has codimension 2 at least
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They are designed to emphasize the role of the connected components of {X◦(F, ω)} from
the stratification S◦F (X) of int(X).
Using the excision property, the long exact sequences of the triples
{XF•−j+1 ∪ ∂X ⊃ X
F•
−j ∪ ∂X ⊃ X
F•
−j−1 ∪ ∂X}j
help to organize the groups in (3.20) into differential complexes C℧∗ (X,F
◦) and C∗
℧
(X,F ◦),
similar to the ones in (3.8) and (3.9).
Employing the Poincare´ duality D again, we introduce the localization homomorphism
MFk+1 : Hk+1(X)
≈D
−→ Hn−k(X, ∂X)
i∗
→ Hn−k
(
XF•−(k+1),X
F•
−(k+1) ∩ ∂X
)
whose target can be identified with the quotient Cn−k
℧
(X,F ◦)/Bn−k
℧
(X,F ◦). This isomor-
phism can be validated in a way that is similar to the one that led to (3.10). Indeed, put
A =def X
F•
−(k+1), B =def (X
F•
−(k+1) ∩ ∂X) ∪X
F•
−(k+2), and C =def (X
F•
−(k+1) ∩ ∂X). Consider
the fragment J : Hn−k(A,B) → Hn−k(A,C) of the long exact sequence of the triple A ⊃
B ⊃ C. By definition, Hn−k(A,C) is the target ofMFk+1, and H
n−k(A,B) = Cn−k
℧
(X,F ◦).
Since dim(B) < n− k, Hn−k(B,C) = 0; so J is an epimorphism.
Similar arguments, which involve a different triple of spaces, imply that ker J can be
identified with im
(
∂∗ : Cn−k−1
℧
(X,F ◦)→ Cn−k
℧
(X,F ◦)
)
.
As a result, for each shadow F , we get a localization of the Poincare´ duality:
MF,℧k+1 : Hk+1(X)
≈D
−→ Hn−k(X, ∂X)
I∗
→ Cn−k
℧
(X,F ◦)/Bn−k
℧
(X,F ◦).(3.21)
As before, the target space of MF,℧k+1 admits the |[∼]|℧ quotient norm. It is induced
by the l1-norm on the based space C
n−k
℧
(X,F ◦), the base being indexed by the connected
components of {X◦(F, ω)}ω .
These considerations lead to a twin of Theorem 3.1.
Theorem 3.2 (The 2nd Amenable Localization of the Poincare´ Duality).
Let X be a compact connected (n+1)-dimensional PL-manifold with a nonempty boundary.
Assume that for each connected component of the boundary ∂X, the image of its funda-
mental group in π1(X) is an amenable group.
Then, there exists an universal constant Θ◦ > 0 such that, for every shadow F ∈
Shad(X,E⇒ T), the space Cn−k
℧
(X,F ◦)/Bn−k
℧
(X,F ◦) admits a norm |[ ]|℧ so that
‖h‖∆ ≤ Θ
◦ · |[MF,℧k+1(h)]|℧(3.22)
for all h ∈ Hk+1(X). Here the Poincare´ duality localizing operator M
F,℧
k+1 is introduced in
(3.21), and the constant Θ◦ > 0 depends only on n, the poset S, and the list of model maps
{Eω → Tω}ω∈S in the way that is described in formula (3.23).
Proof. When h is represented by a singular cycle whose image is contained in int(X), it
interacts only with the strata from S◦F (X) (and misses the strata from S
•
F (∂X)). Therefore,
we can pick a regular neighborhood U of XF◦−(k+1) in X so small that the localized class
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hU ∈ Hk+1(U, ∂U) is a linear combination of a disjoint union of disks {(D
k+1
xσ
, ∂Dk+1xσ )},
normal to the strata σ in XF◦−(k+1).
We apply the Localization Lemma 3.1 to the image of the class h under the classifying
map α : X → K(π1(X), 1). By the argument that we used to prove Theorem 3.1, the
images of the fundamental groups of the strata from S◦F (X) are amenable in π1(X) .
Since only the disks {Dk+1xσ }σ∈S◦F (X) participate in the localization of h to U , the constant
Θ−1 in the estimate (3.19) can be improved by replacing Θ from formula (3.16) by a smaller
positive constant
Θ◦ =def max
σ∈S◦
F
(X), dimσ=n−k
{∥∥[Dk+1σ ]
∥∥S•F (U)
∆
}
(3.23)
which has a smaller universal upper bound, also depending on S, n, and k only.
The rest of the arguments are identical with the ones from the proof of Theorem 3.1. 
Retracing the proof of Theorem 3.2, we get the following
Corollary 3.2. Under the amenability hypotheses of Theorem 3.2, if h ∈ Hk+1(X;Z) is
represented by a singular pseudo-manifold f : M → X, then (Θ◦)−1 · ‖h‖∆ gives a lower
bound of the number of transversal intersections of the absolute cycle f(M) with the locus
XF◦−(k+1) =def int(X) ∩X
F
−(k+1). ♦
For a pair of topological spaces Z ⊃ W and an integer j ≥ 0, consider the sub-
space/subgroup K∆=0j (Z,W ) ⊂ Hj(Z,W ), formed by the homology classes h ∈ Hj(Z,W )
whose simplicial semi-norm ‖h‖∆ = 0. Then ‖ ∼ ‖∆ becomes a norm on the quotient space
H∆j (Z,W ) =def Hj(Z,W )/K
∆=0
j (Z,W ).
Note that if Z admits a continuous self map φ : (Z,W ) → (Z,W ) whose action φ∗ :
Hj(Z,W ) → Hj(Z,W ) on homology has an eigen-element h such that φ∗(h) = λ · h for a
scalar λ, subject to |λ| > 1, then
‖h‖∆ ≥ ‖φ∗(h)‖∆ = |λ| · ‖h‖∆.
Thus ‖h‖∆ = 0; so such an element h ∈ Hj(Z,W ) dies in the quotient H
∆
j (Z,W ).
In fact, the construction of H∆1 (∼) always produces a trivial result: for any Z, H
∆
1 (Z) =
0. However, if Z is a closed surface of genus g > 1, then H∆2 (Z) 6= 0. Moreover, when Z
is a product of many closed surfaces of genera g(Mi) ≥ 2, then H
∆
2 (Z) 6= 0 is rich.
If f : Z → Y is a continuous map of topological spaces, then ‖h‖∆ ≥ ‖f∗(h)‖∆. There-
fore, f induces a continuous linear map of normed spaces f∗ : H
∆
j (Z) → H
∆
j (Y ) whose
operator norm is ≤ 1. It is not difficult to verify that when f is a homotopy equiva-
lence, then this map f∗ is an isometry (in the simplicial norm) between the normed spaces
H∆j (Z) and H
∆
j (Y ). In particular, the shape of the unit ball in H
∆
j (Z) is an invariant of
the homotopy type of Z.
We can take this observation one step further. The Mapping Theorem from [Gr],
section 3.1, implies that the classifying map f : Z → K(π1(Z), 1) induces an isometry
f∗ : H
∆
j (Z)→ H
∆
j
(
K(π1(Z), 1)
)
(so that f∗ is a monomorphism).
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Question 3.1. For a given group π, how to describe the shape of the unit ball Bj in the
normed space H∆j
(
K(π, 1);R
)
in terms of π (say, in terms of its subgroups or in terms of
the representation theory)? Is Bj a polyhedron for a finitely-presented π? ♦
It turns out that formula (3.18) gives a nontrivial lower boundary for the number of
strata σ ∈ S•F (DX) of dimension n − k for any shadow F ∈ Shad(X,E ⇒ T). This
universal boundary is constructed in terms of the group H∆k+1(DX).
The next theorem is also an expression of the amenable localization, coupled with the
Poincare´ duality. It can be viewed as a version of Morse Inequalities, where a Morse
function f : X → R is replaced by a shadow F , the f -critical points are replaced by the
F -induced strata in the double DX, and the homology of X by the “homology” H∆∗ (DX).
It shows, in particular, that the groups H∆k+1(DX) provide lower bounds of the ranks of
the groups Cn−k
℧
(DX,F ) from the differential complex in (3.9).
Theorem 3.3. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary.
• Let, for each connected component of the boundary ∂X, the image of its fundamental
group in π1(DX) be amenable. Then, for each k ∈ [−1, n] and every shadow
F ∈ Shad(X,E⇒ T) the Poincare´ duality localizing operator LF,℧k+1 from (3.10) has
the property
rk
(
im(LF,℧k+1)
)
≥ rk
(
H∆k+1(DX)
)
.(3.24)
As a result, rk
(
Cn−k
℧
(DX,F )
)
—the number of strata σ ∈ S•F (DX) of dimension
(n− k)—is greater than or equal to rk
(
H∆k+1(DX)
)
.
• Let, for each connected component of the boundary ∂X, the image of its fundamental
group in π1(X) be amenable. Then, for for each k ∈ [0, n] and every shadow
F ∈ Shad(X,E ⇒ T), the Poincare´ duality localizing operator MF,℧k+1 from (3.21)
has the property
rk
(
im(MF,℧k+1)
)
≥ rk
(
H∆k+1(X)
)
.(3.25)
Thus, rk
(
Cn−k
℧
(X,F ◦)
)
—the number of strata σ ∈ S◦F (X) of dimension (n−k)—is
greater than or equal to rk
(
H∆k+1(X)
)
.
Proof. Put K∆=0k+1 =def K
∆=0
k+1 (DX). If h ∈ Hk+1(DX) belongs to the kernel of the ho-
momorphism LF,℧k+1, then evidently |[L
F,℧
k+1(h)]|℧ = |[0]|℧ = 0. By the inequality (3.17),
‖h‖∆ = 0. Therefore, h ∈ K
∆=0
k+1 . In other words, ker(L
F,℧
k+1) ⊂ K
∆=0
k+1 . Hence,
rk
(
Hk+1(DX)/K
∆=0
k+1
)
≤ rk
(
Hk+1(DX)/ ker(L
F,℧
k+1)
)
= rk
(
im(LF,℧k+1)
)
.
So we get
rk
(
H∆k+1(DX)
)
≤ rk
(
Cn−k
℧
(DX,F )/Bn−k
℧
(DX,F )
)
≤ rk
(
Cn−k
℧
(DX,F )
)
,(3.26)
the later rank is the number of strata σ of dimension n− k in the stratification S•F (DX).
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Similar arguments, based on Theorem 3.2, prove that
rk
(
H∆k+1(X)
)
≤ rk
(
Cn−k
℧
(X,F ◦)/Bn−k
℧
(X,F ◦)
)
≤ rk
(
Cn−k
℧
(X,F ◦)
)
.(3.27)

Remark 3.1. Since H∆1 (DX) = 0 and H
∆
1 (X) = 0 for all X, the statements of Theorem
3.3 are vacuous for k = 0. Also, for k = n, the statement in the second bullet is vacuous
since H∆n+1(X) = 0.
Since the classifying map β : DX → K(Π, 1), where Π = π1(DX), induces an iso-
morphism of the fundamental groups, β∗ : H∗(DX) → H∗(K(Π, 1)) is an isometry (see
[Gr]). As a result, the induced map β˜∗ : H
∆
∗ (DX) → H
∆
∗ (K(Π, 1)) is a monomorphism.
Therefore, the best lower estimate that formula (3.26) could provide is equal to
rk
(
H∆k+1
(
K(Π, 1)
))
≥ rk
(
H∆k+1(DX)
)
.
Similarly, with π = π1(X), the best lower estimate that formula (3.27) could provide is
equal to
rk
(
H∆k+1
(
K(π, 1)
))
≥ rk
(
H∆k+1(X)
)
.
♦
Question 3.2. Can one probe faithfully the shape of the unit ball B˜k+1 in the quotient
norm ‖ ∼ ‖∆ on H
∆
k+1(DX) by counting the cardinalities #
(
f(M)∩DXF−(k+1)
)
for various
shadows F and singular pseudo-manifolds f : M → DX? Similar question can be posed
about the shape of the unit ball Bk+1 in the quotient norm ‖ ∼ ‖∆ on H
∆
k+1(X). ♦
In one interesting special case that deals with the strata of maximal codimension The-
orems 3.1-3.3 can be made more explicit. The proposition below is a generalization of
Theorem 2 from [AK].
Theorem 3.4. Let X be a compact connected and oriented (n+1)-dimensional PL-manifold
with a nonempty boundary.
Assume that, for each connected component of the boundary ∂X, the image of its funda-
mental group in π1(DX) is amenable. Then there is a X-independent universal constant
θ > 0 such that, for any shadow F ∈ Shad(X,E ⇒ T), the cardinality of the finite set
F (X)−n satisfies the inequality
#
(
F (X)−n
)
≥ θ · ‖[DX]‖∆.(3.28)
Proof. The argument is based on the proof of Theorem 3.1. Note that the fundamental
class [DX] ∈ Hn+1(DX), being restricted to the regular neighborhood
U =def
∐
{σ∈S•
F
(DX)| µ′(ωσ)=n}
Dn+1σ
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of the locus DXF−(n+1), equals the sum∑
{σ∈S•
F
(DX)| µ′(ωσ)=n}
[Dn+1σ , ∂D
n+1
σ ].
Therefore, by (3.14) , [| [DX]U |] = #
(
DXF−(n+1)
)
. Employing inequality (3.18), we get
‖[DX]|∆ ≤ Θ ·#
(
DXF−(n+1)
)
≤ Θ · κ ·#
(
F (X)−n
)
,
where κ =def max{ω|µ′(ω)=n}(µ(ω) − µ
′(ω)) is the maximal cardinality of the fibers of the
map
F : DXF−(n+1) = F
−1
(
F (X)−n
)
∩ ∂X −→ F (X)−n.
Choosing θ = (Θ · κ)−1 completes the argument.
Note that X has no absolute fundamental cycle and that XF◦−(n+1) = ∅; therefore applying
the second bullet of Theorem 3.3 leads to a tautology. 
The next implication of Theorem 3.3 reveals the groups H∆k+1(DX) and H
∆
k (X) as
obstructions to the existence of globally k-convex shadows of X.
Corollary 3.3. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary. Assume that, for each connected component of the boundary ∂X, the
image of its fundamental group in π1(X) is an amenable group.
If X is globally k-convex, then the simplicial semi-norm is trivial on Hj+1(DX) and on
Hj(X) for all j ≥ k.
In particular, if an oriented X admits a shadow F ∈ Shad(X,E ⇒ T) such that
F (X)−n = ∅, then ‖[DX]‖∆ = 0 and H
∆
n (X) = 0.
Proof. By Remark 3.2, F (X)−k = ∅ implies F (X)−j = ∅ for all j ≥ k. Therefore
DXF−(j+1) = ∅ for all j ≥ k, since the (n − j)-dimensional strata from S
•
F (DX) are con-
tributed only by the strata of F (X) of dimensions (n− j) and (n− j − 1). The exception
to this rule is provided by the 0-dimensional strata from S•F (DX): they are contributed
by the points from F (X)−n only.
In contrast, only the (n− j)-dimensional strata of F (X) contributes to the (n+ 1− j)-
dimensional strata from S◦F (X). So F (X)−j = ∅ implies X
F◦
−j = ∅. In turn, this implies
C
n+1−j
℧
(X,F ◦) = 0. Therefore, by (3.27), H∆j (X) = 0 for all j ≥ k. 
Definition 3.8. Let X be a compact connected (n + 1)-dimensional PL-manifold with
a nonempty boundary, and A denotes an abelian group or a field. For any shadow F ∈
Shad(X,E⇒ T) and each j ∈ [0, n+ 1], let
Σcj(X,F ) =def rkA
(
C
j
℧
(DX,F )
)
.
We call this integer the j-th suspension ℧-complexity of the shadow F .
Let
Σcjshad(X) =def min
F∈Shad(X,E⇒T)
Σcj(X,F ).
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We call Σcjshad(X) the j-th suspension shadow complexity of X. ♦
These numbers can be organized into a sequence
Σcshad(X) =def
(
Σc0shad(X), Σc
1
shad(X) . . . Σc
n+1
shad(X)
)
.
Note that this optimal sequence may not be realizable by a single shadow! To avoid this
fundamental difficulty, we will need a more manageable version of the previous definition.
Defintion 3.8. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary. For any shadow F ∈ Shad(X,E⇒ T), form the sequence
Σc(X,F ) =def
(
Σc0(X,F ), Σc1(X,F ), . . . , Σcn+1(X,F )
)
.
and take the lexicographic minimum
Σclexshad(X) =def lex.minF∈Shad(X,E⇒T) Σc(X,F ).
We denote by Σclex, jshad (X) the (j + 1) component of the vector Σc
lex
shad(X) and call it the
j-th lexicographic suspension shadow complexity of X. ♦
Remark 3.2. By its very definition, the lexicographically optimal sequence of complexities
is delivered by some shadow F !
Evidently, for each j, Σclex, jshad (X) ≥ Σc
j
shad(X). ♦
Theorem 3.4 has an immediate implication.
Corollary 3.4. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary. Assume that, for each connected component of the boundary ∂X, the
image of its fundamental group in π1(DX) is an amenable group.
Then, for any k ∈ [−1, n], the suspension shadow complexity of X satisfies the inequality
Σcn−kshad(X) ≥ rk
(
H∆k+1(DX)
)
.
♦
Let us consider the sequence
rk
(
H∆∗ (DX)
)
=def
(
rk
(
H∆n+1(DX)
)
, rk
(
H∆n (DX)
)
, . . . , rk
(
H∆0 (DX)
))
.
Then Corollary 3.4 can be expressed in its compressed form as
Σclexshad(X) ≥ Σcshad(X) ≥ rk
(
H∆∗ (DX)
)
,(3.29)
where the vectorial inequality is understood as the inequality among all the the correspond-
ing components of the participating vectors.
Let X be a compact connected (n+1)-dimensional PL-manifold with a nonempty bound-
ary, and F : X → K its shadow. Recall that, by Definition 3.1, the cardinality of the fiber
F : X(F, ω) ∩ ∂X → K(ω) depends only on ω ∈ S: it is the difference µ(ω)− µ′(ω).
Definition 3.9. Consider a filtered CW -complex K ∈ Shad(T, n) and its filtration as in
(3.1). Put
κj(n) =def max
{ω|µ′(ω)=n−j}
(
µ(ω)− µ′(ω)
)
.
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The weighted j-th complexity of K is defined by the formula
♯cj(K) =def κj(n) · c
j(K).
♦
The next proposition helps to link the suspension complexities Σcj(X,F ) to the weighted
ones ♯cj(F (X)) and thus motivates Definition 3.9.
Corollary 3.5. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary. Assume that, for each connected component of the boundary ∂X, the
image of its fundamental group in π1(X) is an amenable group.
Then, for any shadow F ∈ Shad(X,E⇒ T) and each k ∈ [−1, n],
♯cn−k(F (X)) + 2 · ♯cn−k−1(F (X)) ≥ rk
(
H∆k+1(DX)
)
,(3.30)
♯cn−k−1(F (X)) ≥ rk
(
H∆k+1(X)
)
.
Proof. Let K = F (X) be a shadow of X. Any connected component of K(ω) of dimension
n − µ′(ω) (by Definition 3.1) gives rise to µ(ω) − µ′(ω) strata σ ∈ S•F (DX) of dimension
n − µ′(ω) and to 2(µ(ω) − µ′(ω) − 1) strata σ ∈ S•F (DX) of dimension n + 1 − µ
′(ω).
Therefore (see Fig. 3) the number of strata σ ∈ S•F (DX) of dimension j = n− k is given
by the formula:
∑
ω|µ′(ω)=k
(µ(ω)− k) ·#
(
π0
(
K(ω)
))
+
∑
ω|µ′(ω)=k+1
2(µ(ω)− k − 1) ·#
(
π0
(
K(ω)
))
.
(3.31)
By the definition of {κj(n)}j , the latter number is smaller than or equal to
κn−k(n) ·
∑
ω|µ′(ω)=k
#
(
π0
(
K(ω)
))
+ 2κn−k−1(n) ·
∑
ω|µ′(ω)=k+1
#
(
π0
(
K(ω)
))
,
where the fist sum is the number of strata in F (X) of dimension n − k, and the second
sum is the number of strata of dimension n− k− 1. Thus the previous formula is an upper
bound of the number of components in S•F (DX) of dimension n− k.
Similar upper estimate of the number of connected components in XF◦−k leads to the LHS
of the second inequality in (3.30).
Now Theorem 3.3 implies formulas (3.30). 
Corollary 3.5 has the following two immediate implications which reveal the non-triviality
of the groups/spaces H∆k+1(DX) ⊂ H
∆
k+1(Π) and H
∆
k (X) ⊂ H
∆
k (π) as obstructions to
the existence of shadows F of low/vanishing complexity. The first implication is just a
repackaging of Corollary 3.3.
Corollary 3.6. Under the hypotheses of Corollary 3.5, if H∆k+1(DX) 6= 0, then either
cn−k(F (X)) 6= 0 or cn−k−1(F (X)) 6= 0 for any shadow F .
If H∆k (X) 6= 0, then c
n−k−1(F (X)) 6= 0 for any shadow F . ♦
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Corollary 3.7. Let X be a compact connected (n + 1)-dimensional PL-manifold with a
nonempty boundary. Assume that, for each connected component of the boundary ∂X, the
image of its fundamental group in π1(X) is amenable. Then, for each k ∈ [−1, n],
♯cn−kshad(X,E⇒ T) + 2 ·
♯cn−k−1shad (X,E⇒ T) ≥ rk
(
H∆k+1(DX)
)
,(3.32)
♯cn−k−1shad (X,E⇒ T) ≥ rk
(
H∆k+1(X)
)
.
♦
4. Complexity of Traversing Flows
Now let us examine applications of these results about the complexities of shadows to
the traversing flows on smooth manifolds with boundary. In fact, the entire general setting
in Section 3 was designed with these applications in mind. As we will show next, any
proposition about shadows of PL-manifolds with boundary and the simplicial semi-norms
has an analogue for the smooth manifolds with boundary that carry a traversally generic
vector field. In short, the traversally generic fields are a good source of shadows.
We will apply Theorem 3.1, Theorem 3.3, and their corollaries to traversing vector fields
v. In this setting, the poset S =def Ω
•, µ := | ∼ |, µ′ := | ∼ |′ (see (2.2)), the role of
shadows is played by the obvious maps Γ : X → T (v) which belong to an appropriate set
Shad(X,E⇒ T).
Theorem 4.1. Let X be a smooth compact connected and oriented (n+ 1)-manifold with
boundary. Any traversally generic vector field v gives rise to a shadow Γ : X → T (v) in
the sense of Definition 3.1. The the model projections {pω : Eω → Tω}ω∈Ω•′〈n]
are described
in [K3], Theorems 7.4 and 7.5., utilizing special coordinates as in (2.4).
Proof. Recall that, for a traversally generic v, the trajectory space T (v) is a Whiney
stratified space (see [K4], Theorem 2.2), which implies that Γ is a simplicial map with
respect to the appropriate triangulations of the source and target spaces. Moreover, the
triangulation of X can be chosen to be smooth.
By the very definition of a traversing flow, each fiber Γ−1(γ), γ ∈ T (v) is either a closed
segment, or a singleton.
By Corollary 5.1 from [K3], the map Γ : ∂1X → T (v), being restricted to the preimage of
each proper stratum T (v, ω), is a cover with the trivial monodromy and fibers of cardinality
#(sup(ω)) = |ω| − |ω|′ = µ(ω)− µ′(ω).
Moreover, by Theorem 2.1 from [K4], each pure stratum T (v, ω) is an open orientable
smooth manifold.
By Lemma 3.4 from [K2], Theorems 5.2 and 5.3 from [K3], each point γ ∈ T (v, ω), has
a regular neigborhood Vγ ⊂ T (v), so that Γ : Γ
−1(Vγ) → Vγ is PL-homeomorphic to the
model projection pω : Eω → Tω.
This completes the checklist of bullets from Definition 3.1. 
Let X be a smooth compact connected and oriented (n + 1)-manifold with boundary,
and v a traversally generic vector field.
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Let us consider a filtration
T (v) = T (v)−0 ⊃ T (v)−1 ⊃ · · · ⊃ T (v)−n
of the trajectory space T (v) by the closed subcomplexes
T (v)−j =def
⋃
{
ω∈Ω•′〈n]
∣∣ |ω|′≥j}
T (v, ω)(4.1)
of dimensions n− j.
Let A be an abelian coefficient system on T (v) (equivalently, on X). As a default,
A = R. For each j ∈ [0, n], consider the relative homology groups9
{C℧j (T (v)) := Hj
(
T (v)−n+j ,T (v)−n+j−1; A
)
}j(4.2)
associated with the filtration. As in the context of shadows, C℧j (T (v)) is the top homology
of the quotient T (v)−n+j/T (v)−n+j−1.
These homology groups can be organized into a differential complex
C℧∗ (T (v)) =def(4.3) {
0→ C℧n(T (v))
∂n→ C℧n−1(T (v))
∂n−1
→ · · ·
∂1→ C℧0 (T (v))→ 0
}
,
where the differentials {∂j} are the boundary homomorphisms from the long exact homol-
ogy sequences of the triples {T (v)−n+j ⊃ T (v)−n+j−1 ⊃ T (v)−n+j−2}j .
The modules C℧j (T (v)) are free and finitely generated, the number of generators being
the number of connected components of the set
T (v)◦−n+j =def T (v)−n+j \ T (v)−n+j−1.
This observation is valid, since by Theorem 2.1 from [K4], the components of T (v)◦−n+j
are orientable smooth manifolds.
The differential complex (4.3) gives rise to the ℧-homology groups H℧j (v) =def H
℧
j (T (v))
of the traversally generic field v.
As in the category of shadows, the traversing fields give rise to several notions of com-
plexity.
Definition 4.1. With any traversally generic vector field v on a smooth compact connected
and oriented (n+1)-manifold X with boundary, we associate the ordered collection of ranks{
tcj(v) =def rkA
(
C℧j
(
T (v)
))}
0≤j≤n
,
where the groups C℧j (T (v))) have been introduced in (4.2).
We call tcj(v) the j-th traversing complexity (“tc” for short) of the field v. ♦
Remark 4.1. Reviewing (4.2), we notice that tcn−k(v) = 0 implies that T (v)
◦
−k = ∅
since T (v)◦−k is an orientable manifold. Examining the local models {pω : Eω → Tω}ω,
we observe that if a particular combinatorial type ω′ is missing in a model, then all the
9in our notations, we suppress the dependance of these homology groups on the coefficients A.
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smaller combinatorial types ω′′ ≺ ω′ (of greater codimensions) are missing as well (see
[K3]). Therefore T (v)◦−k = ∅ implies that {T (v)−j = ∅}j≥k. As a result, if the complexity
tcn−k(v) = 0, then the complexities tcn−j(v) = 0 for all j ≥ k. ♦
Definition 4.2. Let X be a compact connected and oriented smooth (n+1)-manifold with
boundary. For each traversally generic field v ∈ V‡(X), we form the sequence of traversing
complexities:
tc(v) =def {tc0(v), tc1(v), . . . , tcn(v)}
Consider the lexicographical minimum
tclex(X) =def lex.min{v∈V‡(X)} tc(v)(4.4)
We call this vector the lexicographic traversing complexity of X.
We denote by tclexj (X) the (j + 1)-component of the vector tc
lex(X). ♦
Remark 4.2. If a compact connected and oriented smooth manifold X of dimension
n+ 1 is globally k-convex in the sense of Definition 2.2, then evidently tclexj (X) = 0 for all
j ≤ n− k in accordance with Remark 4.1. ♦
Remark 4.3. Thanks to Theorem 4.1, traversally generic fields produce a particular kind
of shadows from the set Shad(X,E⇒ T). Therefore,
clexshad(X) ≤ tc
lex(X).
♦
As with the shadows, we will need “suspensions” of these notions and constructions.
We consider the stratification Ω•(X, v) of X by the connected components of the strata
{
X◦(v, ω) =def X(v, ω) \ (∂X ∩X(v, ω)), X
∂(v, ω) =def ∂X ∩X(v, ω)
}
ω∈Ω•′〈n]
.(4.5)
and the τ -invariant stratification Ω•(DX, v) of the doubleDX, which is induced by Ω•(X, v).
Let
Xv−(k+1) =def
( ⋃
{
ω
∣∣ |ω|′≥k+1}
X◦(v, ω)
)⋃( ⋃
{
ω
∣∣ |ω|′≥k}
X∂(v, ω)
)
,
The stratifications Ω•(X, v) and Ω•(DX, v) give rise to the filtrations:
X =def X
v
−0 ⊃ X
v
−1 ⊃ · · · ⊃ X
v
−(n+1),
DX =def DX
v
−0 ⊃ DX
v
−1 ⊃ · · · ⊃ DX
v
−(n+1)
by the union of strata of a fixed codimension, each pure stratum being an open manifold.
Analogously to (3.7), we consider the homology and cohomology groups with coefficients
in A = R or A = Z:
{C℧j
(
DX, v
)
=def Hj
(
DXvj−n−1, DX
v
j−n; A
)
}j ,(4.6)
{Cj
℧
(
DX, v
)
=def H
j
(
DXvj−n−1, DX
v
j−n; A
)
}j .
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As in (3.8) and (3.9), they can be organized into a differential complex:
C℧∗ (DX, v) =def
{
0→ C℧n+1(DX, v)
∂n+1
→ C℧n(DX, v)
∂n→ · · ·
∂1→ C℧0 (DX, v)→ 0
}
,
(4.7)
where the differentials {∂j} are the boundary homomorphisms from the long exact homol-
ogy sequences of triples {DXv−j+1 ⊃ DX
v
−j ⊃ DX
v
−j−1}j .
Similarly, we introduce the dual differential complex
C∗℧(DX, v) =def
{
0← Cn+1
℧
(DX, v)
∂∗n+1
← Cn℧(DX, v)
∂∗n← · · ·
∂∗1← C0℧(DX, v)← 0
}
(4.8)
These differential complexes produce the suspension ℧-homology H℧∗
(
DX, v
)
and ℧-
cohomology H∗
℧
(
DX, v
)
of traversally generic v-flows on X.
Definition 4.3. Let X be a compact connected oriented and smooth (n+ 1)-dimensional
manifold with a boundary. For any traversally generic field v ∈ V‡(X) and each j ∈
[0, n + 1], let
Σtcj(X, v) =def rkA
(
C
j
℧
(DX, v)
)
.
We call this integer the j-th suspension ℧-complexity of the field v. ♦
Definition 4.4. Let X be a compact connected oriented and smooth (n+ 1)-dimensional
manifold with a boundary. For any traversally generic field v ∈ V‡(X), we form the
sequence
Σtc(X, v) =def
(
Σtc0(X, v), Σtc1(X, v), . . . , Σtcn+1(X, v)
)
.
and take the lexicographic minimum
Σtclextrav(X) =def lex.minv∈V‡(X) Σtc(X, v).
We denote by Σtclex, jtrav (X) the (j + 1) component of the vector Σc
lex
trav(X) and call it the
j-th lexicographic suspended traversing complexity of X. ♦
Remark 4.4. By its very definition, the lexicographically optimal sequence of complexities
is delivered by some traversally generic vector field!
Evidently,
Σtclextrav(X) ≥ Σc
lex
shad(X),
where “shad” refers to the shadows, based on the list of model maps {Eω → Tω}ω∈Ω•′〈n]
exemplifying the local structure of traversally generic flows.
A priori, both vectors, tclextrav(X) andΣtc
lex
trav(X), are invariants of the smooth topological
type of X, while clexshad(X) and Σc
lex
shad(X) are invariants of the PL-topological type. ♦
Consider the space V‡(X) of traversally generic vector fields on X and its subspace
V‡fold(X), formed by fields for which the multiplicity m(a) ≤ 2 for any v-trajectory γ at
each point a ∈ γ ∩ ∂X. Locally, for such fields v, Γ : ∂X → T (v) is a folding map.
Definition 4.5. Let X be a compact connected oriented and smooth (n+ 1)-dimensional
manifold with a boundary.
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For any traversally generic field v ∈ V‡fold(X) we define the lexicographic fold complexity
of X by
tclexfold trav(X) =def lex.minv∈V‡
fold
(X)
tc(v).
♦
Clearly, tclexfold trav(X) ≥ tc
lex
trav(X), provided V
‡
fold(X) 6= ∅. When X is a 3-fold, by
Theorem 9.5 in [K],
tc0fold trav(X) = tc
0
trav(X).
Besides the inequality above, we know little about the relation between tclexfold trav(X) and
tclextrav(X).
Now let us examine how the marriage of Amenable Localization and Poincare´ Duality
works in the environment of traversing fields.
For each k ∈ [−1, n], by composing the Poincare´ duality map D with the localization to
the subsets DXv−(k+1) ⊂ DX and X
v◦
−(k+1) ⊂ X, we get two localization transfer maps
Lvk+1 : Hk+1
(
DX
) ≈D
−→ Hn−k
(
DX
) i∗
→ Hn−k
(
DXv−(k+1)
)
,
Mvk+1 : Hk+1
(
X
) ≈D
−→ Hn−k
(
X, ∂X
) i∗
→ Hn−k
(
Xv−(k+1), X
v
−(k+2) ∪ (∂X ∩X
v
−(k+1))
)
.
whose targets can be identified with the quotients Cn−k
℧
(DX, v)/Bn−k
℧
(DX, v), and
Cn−k
℧
(X, v◦)/Bn−k
℧
(X, v◦), respectively. We denote by
Lv,℧k+1 : Hk+1
(
DX
)
→ Cn−k
℧
(DX, v)/Bn−k
℧
(DX, v),(4.9)
Mv,℧k+1 : Hk+1
(
X
)
→ Cn−k
℧
(X, v◦)/Bn−k
℧
(X, v◦)
the resulting operators.
Now Theorem 3.1, being combined with Theorem 4.1, delivers
Theorem 4.2 (Amenable localization of the Poincare´ duality for traversing
flows).
Let X be a compact connected oriented and smooth (n+ 1)-manifold X with boundary.
• Assume that for each connected component of the boundary ∂X, the image of its
fundamental group in π1(DX) is amenable. Then, for each for each k ∈ [−1, n],
there exists an universal constant Θ > 0 such that, for any traversally generic
vector field v, the space Cn−k
℧
(DX, v)/Bn−k
℧
(DX, v) admits a norm |[ ]|℧ so that
‖h‖∆ ≤ Θ ·
∣∣[Lv,℧k+1(h)]
∣∣
℧
(4.10)
for any h ∈ Hk+1(DX). Here the Poincare´ duality localizing operator L
v,℧
k+1 is
introduced in (4.9), and the universal constant Θ > 0 depends only on the list of
model maps {pω : Eω → Tω}ω∈Ω•′〈n] in the way that is described in formula (3.16).
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• Let, for each connected component of the boundary ∂X, the image of its fundamental
group in π1(X) be an amenable group. Then, for each k ∈ [0, n], there exists an
universal constant Θ◦ > 0 such that, for any traversally generic vector field v, the
space Cn−k
℧
(X, v◦)/Bn−k
℧
(X, v◦) admits a norm |[ ]|℧ so that
‖h‖∆ ≤ Θ
◦ ·
∣∣[Mv,℧k+1(h)]
∣∣
℧
(4.11)
for any h ∈ Hk+1(X). Here the Poincare´ duality localizing operator operator M
v,℧
k+1
is introduced in (4.9), and the constant Θ◦ > 0 depends only on the list of model
maps {pω : Eω → Tω}ω∈Ω•′〈n]
in the way that is described in formula (3.23). ♦
Theorem 4.1, together with Corollary 3.1 and Corollary 3.2, produces
Corollary 4.1. Let an integral homology class h ∈ Hk+1(DX) be realized my a singular
oriented pseudo-manifold f :M → DX, dim(M) = k + 1.
Under the hypotheses of Theorem 4.2, the number of intersections of the cycle f(M) with
the locus DXv−(k+1) is greater than or equal to Θ
−1 · ‖h‖∆, provided that f is in general
position with the subcomplex DXv−(k+1) ⊂ DX.
If a class h ∈ Hk+1(X) is represented by a singular pseudo-manifold f : M → X, then
(Θ◦)−1 · ‖h‖∆ gives a lower bound of the number of transversal intersections of the absolute
cycle f(M) with the locus Xv◦−(k+1) =def int(X) ∩X
v
−(k+1). ♦
The following example is a product of the author’s conversations with Larry Guth.
Example 4.1. Consider a fibration p : E →M whose base is a closed oriented hyperbolic
manifold of dimension k+1 and whose fiber F is a closed manifold. Assume that the (n+1)-
dimensional manifold E is oriented and that p admits a section s : M → E. In the com-
plement to s(M), pick a smooth codimension zero manifold V such that {π1(∂V, pt)}pt∈∂V
are amenable groups. Let X = E \ int(V ).
Recall that ‖[M ]‖∆ is proportional to the hyperbolic volume vol(M) with an univer-
sal positive proportionality constant [Gr]. Since s is a section, and the simplicial semi-
norm does not increase under the continuous maps, it follows that the simplicial norm of
s∗([M ]) ∈ Hk+1(X) is proportional to vol(M) with the same proportionality constant.
For any traversally generic vector field v on X, consider the locus Xv−(k+1). We can
perturb the section s so that the intersections of the cycle s(M) is transversal to Xv−(k+1).
According to Corollary 4.1, there exits a universal constant ρ > 0 so that, for any such
X and any traversally generic vector field v on X, the transversal intersections of the
perturbed cycle s(M) with the locus Xv−(k+1) has ρ · vol(M) intersections at least.
Since by the choice of V , s(M) ∩ ∂V = ∅, it follows that there exist at least ρ · vol(M)
trajectories γ of the reduced multiplicity m′(γ) = k + 1, each of which has a nonempty
intersection with the section s(M) ⊂ int(X) (and evidently with ∂X = ∂V ). ♦
It worth describing the important special case “h = [DX]” of formula (3.16), being
applied to the shadows that are produced by traversally generic flows.
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Theorem 4.3. Let X be a smooth compact connected and oriented (n+ 1)-manifold with
boundary. Assume that, for each connected component of the boundary ∂X the image of
its fundamental group in π1(DX) is an amenable group.
Let v be a traversally generic vector field on X. Then
∑
ω∈Ω•| |ω|′=n
θ(ω) ·#
(
T (v, ω)
)
≥
∥∥[DX]∥∥
∆
,(4.12)
where the universal constant
θ(ω) =def
∥∥[DEω,D(δEω)]∥∥Ω
•
′〈n]
∆
is the Ω•′〈n]-stratified simplicial volume of the model pair (DEω,D(δEω)). ♦
The previous theorem represents a slight modification/improvement of Theorem 2 from
[AK]; below we state it for the reader’s convenience.
Theorem 4.4. (Alpert, Katz) Let X be a smooth compact connected and oriented (n+1)-
manifold with boundary. Assume that, for each connected component of the boundary, the
image of its fundamental group in π1(DX) is an amenable group. Let v be a traversally
generic vector field on X.
Then there is an universal constant ρ(n) > 0 such that, for any X and v, the cardinality
of the set T (v)−n, formed by the trajectories of the maximal reduced multiplicity n, satisfies
the inequality
#
(
T (v)−n
)
≥ ρ(n) · ‖[DX]‖∆.(4.13)
♦
Example 4.2. Take the surface X ⊂ R2 and the constant vertical field v = ∂y on it as in
Fig. 1. Since X is a disk with 4 holes, the double DX is a closed surface of genus 4. It
admits a hyperbolic metric. By [Gr], it follows that ‖[DX]‖∆ = 2(2 · 4− 2) = 12.
At the same time, #(DXv−2) = 30 and #(T (v)−1) = 12 (see Fig. 1 and Fig. 3). Since
ρ(1) ≤ #
(
T (v)−n
)
/‖[DX]‖∆ for any connected compact surface X such that ‖[DX]‖∆ 6=
0 and a traversally generic v on it, the universal constant ρ(1) in (4.13) gets a bound:
ρ(1) ≤ 12/12 = 1.
However, the field v in Fig. 1 is not the “optimal” one for X. To optimize v, take the
radial field on an annulus A. Delete tree convex disks from A to form X and restrict the
radial field toX. For the restricted field v on X, the graph T (v) is trivalent with 6 verticies.
So we get #(T (v)−2) = 6 and #(DX
v
−2) = 18. As a result, the universal constant must
satisfy the inequality ρ(1) ≤ 6/12 = 1/2. Similar calculations apply to any 2-disk with
q ≥ 2 holes to produce ρ(1) ≤ 1/2. Perhaps, ρ(1) = 1/2. ♦
Although desirable, an exact computation of the universal constants {θ(ω)} in formula
(4.12) is somewhat tricky. We can estimate the number of cells-strata of the top dimension
|ω|′ in the model space Tω. It looks that this number can be calculated by counting the
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chambers in which the discriminant of each polynomial
℘i(u, ~x) =def (u− i)
ωi +
ωi−2∑
j=0
xi,j(u− i)
j
divides the space Rωi−1.
For ω⋆ =def (1 2 . . . 2︸ ︷︷ ︸
n
1), the model space Tω⋆ is formed by attaching n copies of a half-
disk Dn+ to a disk D
n along the coordinate hyperplanes which divide Dn into 2n quadrants.
So the number κ(ω⋆) of n-dimensional cells-strata in Tω⋆ is 2
n+n (see [K3]). Therefore, the
pull-back of the Ω•-stratification in Tω⋆ divides the model space Eω⋆ into 2
n+n chambers-
cells of dimension n+1. As a result, the stratified simplicial norms satisfy the inequalities
∥∥[Eω⋆ , δEω⋆ ]
∥∥Ω•′〈n]
∆ ≥ 2
n + n,
∥∥[DEω⋆ ,D(δEω⋆)]
∥∥Ω•′〈n]
∆ ≥ 2
n+1 + 2n.
It seems that κ(ω) < κ(ω⋆) for any minimal ω 6= ω⋆.
Of course, it is more desirable to get lower bounds of these stratified simplicial norms...
Combining Theorem 3.3 with Theorem 4.1, we get the following proposition.
Theorem 4.5. Let X be a smooth compact connected and oriented manifold with boundary,
dim(X) = n+ 1. Let v be a traversally generic vector field on X.
• Assume that, for each connected component of the boundary ∂X, the image of its
fundamental group in π1(DX) is an amenable group. Then, for each k ∈ [−1, n],
rk
(
im(Lv,℧k+1)
)
≥ rk
(
H∆k+1(DX)
)
.(4.14)
As a result, rk
(
Cn−k
℧
(DX, v)
)
—the number of (n − k)-dimensional strata in the
stratification Ω•(DX, v)10 of DX—is greater than or equal to rk
(
H∆k+1(DX)
)
.
• Assume that, for each connected component of the boundary ∂X, the image of its
fundamental group in π1(X) is an amenable group. Then, for each k ∈ [−1, n− 1],
rk
(
im(Mv,℧k+1)
)
≥ rk
(
H∆k+1(X)
)
.(4.15)
Thus, rk
(
Cn−k
℧
(X, v◦)
)
—the number of (n− k)-dimensional strata in the stratifica-
tion Ω•(X, v◦)—is greater than or equal to rk
(
H∆k+1(X)
)
. ♦
The first bullet in Theorem 4.5, together with the definitions of suspension complexities,
leads to
Theorem 4.6. Let X be a smooth compact connected and oriented manifold with boundary,
dim(X) = n+1. Assume that, for each connected component of the boundary ∂X, the image
of its fundamental group in π1(DX) is an amenable group. Then, for each k ∈ [−1, n],
Σtclextrav(X) ≥ Σc
lex
shad(X) ≥ rk
(
H∆∗
(
DX
))
,(4.16)
10see (11.32)
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where the vectorial inequality is understood as the inequality among all the the corresponding
components of the participating vectors. The vector rk
(
H∆∗
(
DX
))
has been introduced
prior to formula (3.23). ♦
Recall that, for (n+1)-dimensional X and a traversally generic v on it, # sup(ω) ≤ n+2
for all ω’s ([K2]). By the construction of the stratification Ω•(DX, v) of the double DX
(see Fig. 1 and Fig. 3), we get a formula which is similar to (3.31). It connects the
combinatorics of Ω•(DX, v) to the combinatorics of the stratification Ω•(T (v)) of T (v) by
the connected components of the strata T (v, ω):
#π0
(
DXv−j
)
=
∑
{ω| |ω|′=j}
#sup(ω) ·#π0(T (v, ω))
+ 2 ·
∑
{ωˆ| |ωˆ|′=j+1}
(# sup(ωˆ)− 1) ·#π0(T (v, ωˆ))
≤ (n+ 2)
( ∑
{ω| |ω|′=j}
#π0(T (v, ω)) + 2 ·
∑
{ωˆ| |ωˆ|′=j+1}
#π0(T (v, ωˆ))
)
= (n+ 2)
(
#π0
(
T (v)◦−j
)
+ 2 ·#π0
(
T (v)◦−(j+1)
))
.
Therefore, the suspended complexity of v can be estimated in terms of the v-complexities:
Σtcn+1−j(X, v) ≤ (n+ 2)
(
tcn−j(v) + 2 · tcn−j−1(v)
)
.
By Theorem 4.5 and under its hypotheses, for each k, we get
rk
(
H∆k+1(DX)
)
≤ (n+ 2)
(
tcn−k(v) + 2 · tcn−k−1(v)
)
,(4.17)
rk
(
H∆k (X)
)
≤ (n+ 2)
(
tcn−k(v)
)
.
We notice that if tcn−k(v) = 0, then by Remark 4.1, tcn−k−1(v) = 0. Therefore,
tcn−k(v) = 0 implies H∆k+1(DX) = 0 and H
∆
k (X) = 0.
Example 4.3. Let {Mi}1≤i≤N be several closed orientable surfaces of genera g(Mi) ≥ 2.
Consider the connected sum
Y =def (M1 × S
1)# (M2 × S
1)# . . .#(MN × S
1),
and let Z = Y \B3, the complement to a smooth 3-ball. Put Σ(Mi) =def Mi × S
1.
We may assume that the 1-handles {Hi ≈ S
2 ×D1}1≤i≤N−1, participating in the con-
nected sum construction of Y , are attached to the complements to the surfaces Mi × ⋆i in
Mi × S
1 and to the complement of B3.
Consider a map fj : Z → Σ(Mj) which is a homeomorphism on Mj × ⋆i. We construct
fj in stages. First, we map each 1-handle Hi ⊂ Y to its core D
1
i so that Y is mapped to
the union W of Σ(Mi)’s to which the 1-cores D
1
i ’s are attached; each core is attached at a
point ai ∈ Σ(Mi) and at a point bi+1 ∈ Σ(Mi+1). Under fj, each of the two 3-disks, D
3
ai
and D3bi+1 , from D
3×∂D1i is mapped to its center ai or bi+1. Finally for each j ∈ [2, N−1],
we map the complement Y \
(
Σ(Mj) \ (D
3
bj
∪D3aj )
)
to aj
∐
bj . For j = 1 and j = N , the
constructions of f1 and fN are similar.
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For each j, by an isotopy argument, we may assume that the ball B3 belongs to Y \Σ(Mj)
and then restrict fj to Z.
We claim that the 2-dimensional classes {I∗[Mi] ∈ H
∆
2 (Z)}i, where I :
∐
iMi → Z is
the obvious embedding, are linearly independent. Indeed, assume that some combination
h =def
∑
i riI∗[Mi] has the property ‖h‖∆ = 0. Then ‖(fj)∗(h)‖∆ = 0. On the other hand,
(fj)∗(h) = rj · (Ij)∗[Mj ] ∈ H2(Σ(Mj)) ≈ R,
where the imbedding Ij : Mj ⊂ Σ(Mj), being composed with fj, produces the identity
map of Mj . Therefore by the property of the simplicial semi-norm not to increase under
continuous maps [Gr], ‖(Ij)∗[Mj ]‖∆ = ‖[Mj ]‖∆ 6= 0. Thus rj = 0.
Let X be a compact smooth 3-fold which is homotopy equivalent to Z and has a spherical
boundary. Let v be a traversally generic field on X. Since π1(∂X) = 0, by Theorem 4.5
and following the arguments that lead to (3.31) and (4.17), we count the 1-dimensional
connected strata in the stratification Ω•(DX, v) to get the inequality
6 ·#T (v, 1221) + 2 ·#T (v, 13) + 2 ·#T (v, 31)
+ 3 ·#π0(T (v, 121)) + #π0(T (v, 2)) ≥ rk
(
H∆2 (DZ)
)
≥ 2N.
Here the coefficients 6, 2, 2, 3, and 1 next to the cardinalities are determined by the car-
dinalities of the support of the corresponding combinatorial types ω = 1221, 13, 31, 121, 2.
Note that ‖[DX]‖∆ = 0. So, for k + 1 = 3, Theorem 4.5 provides a trivial estimate for
6 ·#T (v, 1221) + 2 ·#T (v, 13) + 2 ·#T (v, 31),
the number of 0-dimensional strata in Ω•(DX, v). ♦
Let π =def π1(X) and Π =def π1(DX) . Utilizing formula (4.17), Theorems 4.2 and 4.5
expose the groups H∆k+1(DX) ⊂ H
∆
k+1(Π) and H
∆
k (X) ⊂ H
∆
k (π) as obstructions to the
existence of globally k-convex traversing flows on X.
Corollary 4.2. Let X be a smooth compact connected and oriented (n+1)-manifold with
boundary. Assume that X admits a globally k-convex traversally generic vector field v.
If, for each connected component of the boundary ∂X, the image of its fundamental
group in π1(DX) is amenable, then the simplicial semi-norm on Hj+1(DX) is trivial for
all j ≥ k.
If, for each connected component of the boundary ∂X, the image of its fundamental group
in π1(X) is amenable, then he simplicial semi-norm is trivial on Hj(X) for all j ≥ k.
In particular, if X admits a vector field such that T (v)−n = ∅, then ‖[DX]‖∆ = 0 and
H∆n (X) = 0. ♦
The next theorem, proven in [AK], should be compared with Theorem 7.5 from [K], its
older 3D-relative. In a way, this theorem is the source of motivation for developing the
machinery of amenable localization in [AK] and in the present paper. For 3-folds M with
a simply-connected boundary, Theorem 4.7 below is known with c(2) = 1/Vol(∆3), the
inverse of the volume of the ideal tetrahedron in the hyperbolic space (see [K]).
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Theorem 4.7 (Alpert, Katz). Let M be a closed, oriented hyperbolic manifold of di-
mension n + 1 ≥ 2. Let X be the space obtained by deleting a domain U from M , such
that U is contained in a ball Bn+1 ⊂M . Let v be a traversally generic vector field on X.
Then the cardinality of the set of v-trajectories of the maximal reduced multiplicity n
satisfies the inequality
#
(
T (v)−n
)
≥ c(n) · Vol(M),(4.18)
where c(n) > 0 is an universal constant, and Vol(M) denotes the hyperbolic volume of M .
♦
Corollary 4.3. The inequality (4.18) of Theorem 4.7 is valid for any X, obtained by
deleting a number of (n+ 1)-balls from a closed hyperbolic manifold M .
Proof. When the domain U from Theorem 4.7 is a union of (n+1)-balls, we can incapsulate
them into a single (n+1)-ball B. Therefore, Theorem 4.7 is applicable to X =M \U . 
Let us apply Corollary 4.3 to the landscape of Morse functions on closed hyperbolic
manifolds. Moving towards this goal, we formulate the following
Conjecture 4.1. Let f :M → R be a Morse function on a closed manifold M of dimension
(n+1), and v its gradient-like field. Assume that v satisfies the Morse-Smale transversality
condition ([S], [S1]). Then, for all sufficiently small ǫ > 0, the field v on
X =def M \
∐
x∈Σf
Bǫ(x)
is traversally generic. The combinatorial types of the v-trajectories on X are drawn from
the list: (11), (121), (1221), . . . , (1 2 . . . 2︸ ︷︷ ︸
n
1).
Moreover, there exists a universal constant c(n) > 0 such that the number of broken v-
trajectories on M , comprising (n+1) segments, and the number of n-tangent v-trajectories
in X are related by the formula
#
(
T (v, ω⋆)
)
= c(n) ·#
(
broken(n+1)(v)
)
,(4.19)
where ω⋆ = (1 2 . . . 2︸ ︷︷ ︸
n
1). ♦
In fact, we can show that c(2) = 4 and c(3) = 4.
Combining Conjecture 4.1 with Corollary 4.3, one could arrive to an estimate of
#(broken(n+1)(v)) from below for Morse-Smale gradient fields v on closed hyperbolic (n+1)-
manifolds.
Fortunately, regardless of the validity of the conjecture, #(broken(n+1)(v)) has a lower
boundary, delivered by the normalized hyperbolic volume! The beautiful proposition below
has been recently proven by Hannah Alpert [A]. The proof involves the same circle of
amenable localization techniques as in [Gr1], [AK], being applied to intricate stratifications
of certain compactifications of the unstable manifolds of the gradient v-flow.
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Theorem 4.8 (Alpert). Let f : M → R be a Morse function on a closed hyperbolic
manifold M of dimension (n+ 1) and v its gradient-like field. Assume that v satisfies the
Morse-Smale transversality condition. Then
#(broken(n+1)(v)) ≥ Vol(M).
♦
We just have internalized the crucial role that non-amenable fundamental groups π1(X)
and π1(DX) play in delivering some lower bounds of the traversing complexities tc
lex
trav(X)
and tclextrav(DX).
Now we will connect the complexity of another fundamental group π1(X/∂X) with the
number of minimal connected components in the Ω•-stratification {X(v, ω)}ω of X. The
considerations to follow are rather elementary; in particular, the amenability properties do
not play any role here.
Each v-trajectory γ of the combinatorial type ω defines a loop or a bouquet of loops in
the quotient space X/∂X. Similarly, each γ defines its double D(γ) ⊂ DX. The double
D(γ) is a chain of loops (like “∞” or “ooo”), the number of loops in the chain being equal
to #(γ ∩ ∂X) − 1.
Therefore each γ produces an element [γ] ∈ π1(X/∂X) and a subgroup [[γ]] of π1(X/∂X),
equipped with the ordered set of (| sup(ω)| − 1) generators—the v-ordered loops of the
bouquet [γ]. Here | sup(ω)| is the cardinality of the set γ ∩ ∂X. The element [γ] and the
subgroup [[γ]] are constant within each connected component X(v, σ) of the pure stratum
X(v, ω). This follows from the fact that the finite covering
Γ : X(v, σ) ∩ ∂X → Γ
(
X(v, σ) ∩ ∂X
)
is trivial ([K3], Corollary 5.1). Let us denote by S•(v) the poset whose elements are the
connected components X(v, σ).
Therefore, we get a system of groups {[[γσ ]]}σ∈S•(v), linked by homomorphisms ψσ,σ′ :
[[γσ]]→ [[γσ′ ]] for any pair σ ≻ σ
′ in S•(v).
This construction leads to the following
Lemma 4.1. For a traversally generic field v on X, the subgroups
{
[[γσ]]
}
σ∈S•
min
(v)
generate
π1(X/∂X).
Proof. We need to show that any loop ρ : I/∂I → X/∂X through the point ⋆ = ∂X/∂X
is a product of loops of the form the groups [[γσ]], where σ is a minimal element of the
poset S•(v). Equivalently, it will suffice to show that any path (ρ, ∂ρ) : (I, ∂I)→ (X, ∂X)
can be homotoped, relatively to the boundary ∂X, to an ordered union several segments
of oriented trajectories γ, labeled with the elements of the minimal set S•min(v). Here the
segments of trajectories γ are bounded by two points from γ ∩ ∂X and the orientations of
segments are not necessarily the ones induced by v.
Note that each oriented segment of γ belongs to the subgroup [[γ]].
First, with the help of the (−v)-flow, we homotop (ρ, ∂ρ) to a path that is realized by
several segments of trajectories, intermingled with some paths residing in ∂X.
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The rest of argument is an induction based on the order ≻ in S•(v). We can replace
any segment of γ ⊂ X(v, σ) with the corresponding segment of any other trajectory from
that stratum. This replacement is possible since Γ : X(v, σ) ∩ ∂X → T (v, σ) is a trivial
covering. Moreover, we can homotop such segment of γ to a segment of some trajectory
γ′, residing in any stratum X(v, σ′) that belongs to the closure of X(v, σ). In other words,
we can replace any segment of γ ⊂ X(v, σ) with some segment of γ′ ⊂ X(v, σ′), where
σ′ ≺ σ. Following these replacements, eventually we will arrive to a ordered finite collection
of segments of {γσ ⊂ X(v, σ)}σ∈S•min(v); the collection will represent the relative homotopy
class of the path ρ (some of the the segments of trajectories γσ’s in this representation may
appear with integral multiplicities). 
We denote by cgen(π) the minimal number of generators in finite presentations of the
group π.
Theorem 4.9. For a traversally generic field v on a connected compact smooth manifold
X with boundary,
cgen
(
π1(X/∂X)
)
≤
∑
σ∈S•min(v)
(
| sup(ω(σ))| − 1
)
,
where ω(σ) is the combinatorial type of a typical v-trajectory passing through the connected
component labeled by σ .
Proof. By Lemma 4.1, any element β ∈ π1(X/∂X) produces a word in the alphabet whose
letters are the loops, generated by the segments of special trajectories that label the minimal
strata of S•min(v); each minimal stratum X(v, σ), σ ∈ S
•
min(v), contains a unique special
trajectory. The number of loops-letters in each trajectory is | sup(ω(σ))| − 1. Therefore
the total number of letters in the alphabet is given by the RHS of the formula above. 
Corollary 4.4. For a traversally generic field v on a connected compact smooth (n + 1)-
dimensional manifold X with boundary, the number of minimal connected components in
T (v) satisfies the inequality:
#
(
S•min(v)
)
≥ cgen
(
π1(X/∂X)
)
/(n + 1).
In particular, if ∂X consists of m components, then
#
(
S•min(v)
)
≥ (m− 1)/(n + 1).
Proof. Note that for a traversally generic v, | sup(ω(σ))| ≤ n + 2 , so that the number of
segments in which a typical trajectory γσ is divided by ∂X is n+ 1 at most. Utilizing the
arguments from Lemma 4.1, Theorem 4.9 implies the first inequality of the corollary.
To prove the second one, note that X/∂X admits a continuous map F onto a connected
graph G with two vertices, a and b, and m edges. Indeed, let U be a collar of ∂X in
X. We send X \ int(U) to a ∈ G, ∂X to b, and each component of the collar U to the
corresponding edge. Each basic loop in G lifts against F to a loop in X/∂X. Therefore the
exists an epimorphism π1(X/∂X) → Fm−1, where Fm−1 denotes the free group in m − 1
generators. Thus cgen
(
π1(X/∂X)
)
≥ m− 1. 
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Remark 4.5. Note that, by definition, #
(
S•min(v)
)
≥ #
(
T (v)−n
)
. Thus, under the
hypotheses of Theorem 4.7 and by that theorem, there exists an universal positive constant
such that #
(
S•min(v)
)
≥ const(n) · Vol(M), where the hyperbolic volume Vol(M) depends
only on π1(M).
If X is obtained from M by deleting a single ball, π1(M) ≈ π1(X/∂X). In such a case,
#
(
S•min(v)
)
≥ cgen
(
π1(M)
)
/(n + 1). So, for the hyperbolic X = M \ Dn+1, both lower
bounds for #
(
S•min(v)
)
are expressed essentially in terms of π1(M). ♦
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